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Systematic treatment of electromagnetic corrections with the tools of factorization
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Motivation: Theory

• Precision: Traditionally focus on hadronic uncertainties. Time to look at QED.
QED effects violate isospin symmetry and can cause large “lepton-flavour
violating” logarithms, log m`.

• Photons couple weakly to strongly interacting quarks→ probe of hadronic physics,
requires factorization theorems, which mostly don’t exist yet.

• Photons have long-range interactions with the charged particles in the initial/final
state→ QED factorization is more complicated than QCD factorization.

Observables

IR finite observable is

Γphys =
∞∑

n=0

Γ(B→ f + nγ,
∑

n

Eγ,n < ∆E)

≡ ω(∆E)× Γnon−rad.(B→ f )

Signal window |mB − mf | < ∆ =⇒ ∆E = ∆
Assume ∆� ΛQCD ∼ size of hadrons
Large ln ∆E.

[LHCb, Bs → µ
+
µ
− , 1703.05748]
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Ultrasoft photons and the point-like approximation

Universal soft radiative amplitude

Ai→f+γ(pj, k) = Ai→f (pj)×
∑

j=legs

−eQjp
µ
j

ηjpj · k + iε

The amplitude implies that the charged particles (B-meson, pion, lepton, ...) are treated as
point-like. Exponentiates for the decay rate, but the virtual correction is UV divergent in
the soft limit. Cut-off Λ.

Γ = Γi→f
tree ×

(
2∆E

Λ

)−α
π

∑
i,j QiQj f (βij)

What is Λ?

• Present treatment of QED effects sets Λ = mB (e.g. using a theory of point-like mesons)

• Experimental analyses uses the PHOTOS Monte Carlo [Golonka, Was, 2005], which in
addition neglects radiation from charged initial state particles.

However, the derivation implies that Λ � ΛQCD ∼ size of the hadron (B-meson). Otherwise
virtual corrections resolve the structure of the hadron and higher-multipole couplings are unsup-
pressed.
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Scales and Effective Field theories (EFTs)

Multiple scales: mW , mb,
√

mbΛQCD, ΛQCD, mµ, ∆E
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Scales and Effective Field theories (EFTs)

Multiple scales: mW , mb,
√

mbΛQCD, ΛQCD, mµ, ∆E

Short-distance QED at µ>∼mb can be included in the usual weak effective Lagrangian (extended
Fermi theory) + renormalization group.

Far IR (ultrasoft scale) described by theory of point-like hadrons.

Goal: Theory for QED corrections between the scales mb and ΛQCD (structure-dependent effects).
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Bs→ µ+µ−
1708.09152, 1908.07011, with C. Bobeth and R. Szafron
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Some facts about Bs → µ+µ−

“Instantaneous”, “non-radiative” branching fraction

Br(Bs → µ+µ−) =
G2

Fα
2

64π3
f 2
Bs
τBs m3

Bs
|VtbV∗ts |2

√√√√1−
4m2
µ

m2
Bs

×
{∣∣∣∣2mµ

mBs

(C10 − C′10) + (CP − C′P)

∣∣∣∣2 +

(
1−

4m2
µ

m2
Bs

)
|CS − C′S|

2

}

• Long-distance QCD effects are very simple. Local annihilation. Only
〈0|q̄γµγ5b|B̄q(p)〉 = i fBq pµ Task for lattice QCD (1.5% [Aoki et al. 1607.00299], 0.5%
[FNAL/MILC 1712.09262]).

• Only the operator Q10 from the weak effective Lagrangian enters.

• No scalar lepton current ¯̀̀ , only ¯̀γ5` =⇒

Aλ∆Γ = 1 Cλ = Sλ = 0

None of these are exactly true in the presence of
electromagnetic corrections
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Interpretation of the mB/Λ-enhanced correction

〈0|q̄γµγ5b|B̄q(p)〉

Local annihilation and helicity
flip.

〈0|
∫

d4x T{jQED(x),L∆B=1(0)}|B̄q〉

Helicity-flip and annihilation delocalized
by a hard-collinear distance

The virtual photon probes the B meson structure. Annihilation/helicity-suppression is “smeared
out” over light-like distance 1/

√
mBΛ [→ B-LCDA]. Still short-distance.

Logarithms are not the standard soft logarithms, but due to hard-collinear, collinear and soft
regions, including final-state soft lepton exchange.
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All orders, EFT, summation of logarithms

Back-to-back energetic lepton pair
Collinear (lepton n+p` large) and anti-collinear (anti-lepton n−p¯̀ large) modes

n2
+ = n2

− = 0, n+ · n− = 2, pµ = n+p
nµ−
2

+ n−p
nµ+
2

+ pµ⊥

p = (n+p, p⊥, n−p), λ ∼
ΛQCD

mb
∼

mµ

mb

• Modes in the EFT classified by
virtuality and rapidity

• Matching QCD+QED→ SCETI
→ SCETII
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SCETII factorization and soft rearrangement

J̃ B1
Aχ(v, t) = qs(vn−)Y(vn−, 0)

/n−
2

PLhv(0)
[
Y†+ Y−

]
(0)
[
`c(0)(2/Ac⊥(tn+)PR)`c(0)

]
= Ĵs⊗Ĵc⊗Ĵc

• s, c, c̄ do not interact in SCETII. Sectors are
factorized.
Anomalous dimension should be separately
well defined.

• But the anomalous dimension of the soft
graphs is IR divergent.
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/n−
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PLhv(0)
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Y†+ Y−

]
(0)
[
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• s, c, c̄ do not interact in SCETII. Sectors are
factorized.
Anomalous dimension should be separately
well defined.

• But the anomalous dimension of the soft
graphs is IR divergent.

〈
0
∣∣[Y†+ Y−

]
(0)
∣∣0〉 ≡ R+R−

• Soft rearrangement Ĵs ⊗ Ĵc ⊗ Ĵc =
Ĵs

R+R−
⊗ R+Ĵc ⊗ R−Ĵc

Soft matrix element defines a generalized B-LCDA
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Structure of the final result

Amplitude [evolved to µc]

iA9 = eS`(µb, µc) T+(µc)×
∫ 1

0
du eSq(µb, µhc) 2H9(u;µb)

∫ ∞
0

dω UQED
s (µhc, µs;ω) mBq FBq (µhc)φ+(ω;µhc)

×
[

Jm(u;ω;µhc) +

∫ 1

0
dw JA(u;ω, w;µhc)

(
MA(w;µc)−

Q`w

β0,em
ln ηem

)]

≡ eS`(µb, µc) × A9 [uc(1 + γ5)vc]

– defines the non-radiative amplitude A9. QED+QCD Logs between mb and µc summed.

Decay rate [including ultrasoft photon radiation]

Γ[Bq → µ
+
µ
−

](∆E) =
mBq

8π
βµ

(∣∣A10 + A9 + A7
∣∣2 + β

2
µ

∣∣A9 + A7
∣∣2)︸ ︷︷ ︸

non-radiative rate

×
∣∣∣eS`(µb, µc)

∣∣∣2S(v`, v
`
,∆E)︸ ︷︷ ︸

ultrasoft radiation

= Γ
(0)

[Bq → µ
+
µ
−

]

(
2∆E

mBq

)− 2α
π

1+ln
m2
µ

m2
Bq



S(v`, v
`
,∆E) =

∑
Xs

∣∣〈Xs
∣∣S†v` (0)Sv

`
(0)
∣∣0〉∣∣2 θ(∆E − EXs ) Ultrasoft function
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Can sum leading logs, and calculate all QED effects between scale mb and
a few times ΛQCD.

BUT: matching of SCETII to the ultrasoft theory of point-like hadrons at a
scale µc ∼ ΛQCD must be done non-perturbatively.
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Hadronic B two-body decays
(B→ πK ..., D+L−, ...)
2008.10615 (charmless) and 2107.03819 (heavy-light +
semi-leptonic), with P. Böer, G. Finauri, J. Toelstede and K. Vos
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Charmless decays, B→ π+π− vs. µ+µ−

• Same kinematics, charges, composite pions instead of elementary leptons.
QED effects similar, identical for ultrasoft photons.

• But QCD dynamics is very different.

B→ µ+µ− B→ π+π−

〈0|̄qγµγ5b|B̄〉 〈π+π−|Qi|B̄〉
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• Same kinematics, charges, composite pions instead of elementary leptons.
QED effects similar, identical for ultrasoft photons.

• But QCD dynamics is very different.

B→ µ+µ− B→ π+π−

〈0|̄qγµγ5b|B̄〉 〈π+π−|Qi|B̄〉

“QCD factorization” [BBNS, 1999-2001], later understood and formulated as a SCETII problem:

QCD remove h→ SCETI
remove hc→ SCETII(c, c̄, s)

〈M1M2|Qi|B̄〉 = FBM1 (0)︸ ︷︷ ︸
form factor

∫ 1

0
du T I

i (u)φM2 (u)

+

∫ 1

0
dzdu HII

i (z, u)

∫ ∞
0

dω
∫ 1

0
dv J(ω, u, v) φB(ω)φM1 (v)φM2 (u)︸ ︷︷ ︸

LCDAs
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Including virtual QED effects into the factorization theorem

SCETI operators

OI(t) = [χ̄C̄(tn−)/n−γ5χC̄] [χ̄Chv]

OII(t, s) = [χ̄C̄(tn−)/n−γ5χC̄]︸ ︷︷ ︸
M2

[χ̄C /AC,⊥(sn+)hv]︸ ︷︷ ︸
B→ M1

QCD factorization formula

〈M1M2|Qi|B̄〉 = FBM1 (0)

∫ 1

0
du T I,QCD

i (u) fM2φM2 (u)

+

∫ ∞
0

dω
∫ 1

0
dudv T II,QCD

i (z, u) fBφB(ω)fM1φM1 (v)fM2φM2 (u)
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Including virtual QED effects into the factorization theorem

SCETI operators

OI(t) = [χ̄C̄(tn−)/n−γ5χC̄] [χ̄C S
†(QM2 )
n+ hv]

OII(t, s) = [χ̄C̄(tn−)/n−γ5χC̄] [χ̄C /AC,⊥(sn+) S
†(QM2 )
n+ hv]

S(q)
n± = exp

{
−iQqe

∫ ∞
0

ds n±As(sn±)

}
QCD + QED factorization formula

〈M1M2|Qi|B̄〉|non−rad. = FBM1
Q2

(0)

∫ 1

0
du T I,QCD+QED

i,Q2
(u) fM2 ΦM2 (u)

+

∫ ∞
−∞

dω
∫ 1

0
dudv T II,QCD+QED

i,⊗ (z, u) fBΦB,⊗(ω)fM1 ΦM1 (v)fM2 ΦM2 (u)

• Formula retains its form, but the hadronic matrix elements are generalized. They become
process-dependent through the directions and charges of the other particles.

• Computation ofO(αem) corrections to the h and hc short-distance coefficient (all poles
cancel).
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Example of a hard-scattering kernel

Same generalization for colour-allowed decays to D+L−.
Hard scattering kernel

H(1)
− =− Q2

d

{ L2
b

2
+ Lb

( 5

2
− 2 ln(u(1− z))

)
+ h
(

u(1− z)
)

+
π2

12
+ 7
}

− Q2
u

{ L2
c

2
+ Lc

( 5

2
+ 2πi− 2 ln

(
ū

1− z

z

))
+ h
(

ū
(

1−
1

z

))
+
π2

12
+ 7
}

+ QdQu

{ L2
b

2
+

L2
c

2
− 6Lν + 2Lb

(
2− ln(ū(1− z))

)

− 2Lc

(
1− iπ + ln

(
u

1− z

z

))
+ g
(

ū(1− z)
)

+ g
(

u
(

1−
1

z

))
+
π2

6
− 12

}
+ QdQuf (z) ,

H(1)
+ =− Q2

d
√

z w
(

u(1− z)
)
− Q2

u
1
√

z
w
(

ū
(

1−
1

z

))
− QdQu

√
z

ln z

1− z
,

z ≡
m2

c

m2
b

, Lc ≡ ln
µ2

m2
c

= Lb − ln z , Lν ≡ ln
ν2

m2
b

,

h(s) ≡ ln2 s− 2 ln s +
s ln s

1− s
− 2Li2

( s− 1

s

)
,

f (z) ≡
(

1−
1 + z

1− z
ln z
)

Lb +
ln z

1− z

( 1

2
(1 + z) ln z− 2− z

)
, . . .
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Enlightened LCDAs
2108.05589 (light mesons) + in preparation (heavy mesons),
with P. Böer, J. Toelstede and K. K. Vos
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LCDA of a charged pion in QCD×QED

〈π−(p)|R(QM)
c (d̄W(d))(tn+)

/n+

2
(1−γ5)(W†(u)u)(0)|0〉 =

in+p
2

∫ 1

0
du eiu(n+p)tfMΦM(u;µ)

QED part of the Wilson lines does not combine to a finite-distance Wilson line.
Renormalization/evolution kernel for the (anti-)collinear operator well-defined after soft rearran-
gement

Γ(u, v;µ) = −
αemQM

π
δ(u− v)

(
QM

(
ln
µ

2E
+

3

4

)
−Qd ln u + Qu ln ū

)
−
(
αsCF

π
+
αem

π
QuQd

)[(
1 +

1

v− u

) u

v
θ(v− u) +

(
1 +

1

u− v

) 1− u

1− v
θ(u− v)

]
+

• The cusp anomalous dimension, endpoint logarithms ln u, ln(1− u) and energy
dependence are a remnant of the soft physics.

• Gegenbauer polynomials are no longer eigenfunctions, asymptotic behaviour
Φπ(u, µ)

µ→∞→ 6u(1− u) no longer holds. QED evolution is asymmetric and endpoint
behaviour changes from linear.
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Endpoint behaviour and numerical QED effect

αem = 1

αem = 2

αem = 3

0.0 0.2 0.4 0.6 0.8 1.0

0

2

4

6

8

10Endpoint behaviour u → 0 governed by the an
asymptotic kernel, which has the same proper-
ties as the kernel for the B-meson LCDA!
RGE kills itself at high-scales by developing too
singular behaviour.

Not relevant for real value of αem.
Expand in Gegenbauer polynomials, which, however, are not eigenfunctions and mix.

Example: 〈
ū−1
〉

M−
(µ) =

∫ 1

0

du
1− u

ΦM− (u;µ) = 3Z`(µ)
∞∑

n=0

aM−
n (µ)

〈
ū−1

〉
π−

(5.3 GeV) = 0.9997
∣∣QED
point charge(3.285+0.05

−0.05
∣∣
LL − 0.020

∣∣
NLL+0.017

∣∣QED
partonic)〈

ū−1
〉
π−

(80.4 GeV) = 0.985
∣∣QED
point charge(3.197+0.03

−0.03
∣∣
LL − 0.022

∣∣
NLL+0.042

∣∣QED
partonic)

(Initial value: 3.42 at µ = 1 GeV.

QED effects of similar size as NLL evolution for the inverse moments.
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Endpoint behaviour and numerical QED effect

αem = 1

αem = 2

αem = 3

0.0 0.2 0.4 0.6 0.8 1.0

0

2

4

6

8

10Endpoint behaviour u → 0 governed by the an
asymptotic kernel, which has the same proper-
ties as the kernel for the B-meson LCDA!
RGE kills itself at high-scales by developing too
singular behaviour.

Not relevant for real value of αem.
Expand in Gegenbauer polynomials, which, however, are not eigenfunctions and mix.

Example: 〈
ū−1
〉

M−
(µ) =

∫ 1

0

du
1− u

ΦM− (u;µ) = 3Z`(µ)
∞∑

n=0

aM−
n (µ)

〈
ū−1

〉
π−

(5.3 GeV) = 0.9997
∣∣QED
point charge(3.285+0.05

−0.05
∣∣
LL − 0.020

∣∣
NLL+0.017

∣∣QED
partonic)〈

ū−1
〉
π−

(80.4 GeV) = 0.985
∣∣QED
point charge(3.197+0.03

−0.03
∣∣
LL − 0.022

∣∣
NLL+0.042

∣∣QED
partonic)

(Initial value: 3.42 at µ = 1 GeV.

QED effects of similar size as NLL evolution for the inverse moments.
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B-LCDA alias soft function for B→ M1M2 in QCD×QED

1

R
(QM1 )
c R

(QM2 )

c̄

〈0|q̄(q)
s (tn−)[tn−, 0](q) /n−γ5hv(0)S

†(QM2 )
n+ (0)S

†(QM1 )
n− (0)|B̄v〉

= iFstat(µ)

∫ ∞
−∞

dω e−iωt ΦB,⊗(ω, µ)

• Four different soft functions depending on final
state charges 00,−0, 0−,+−.

• Not really LCDAs, but soft functions: contain
electromagnetic final-state rescattering.

• Different support in ω = n− · l than in QCD where
(ω ∈ [0,∞[).

If QM2 6= 0, the out-going meson with n− · q = mB → ∞ can absorb soft photons of
arbitrary n− · l.

=⇒ B-”LCDA” has support ω ∈]−∞,∞[

hv

q

(a)

hv

q

(b)

hv

q

(c)

hv

q

(d)

hv

q

(e)

hv

q

(f)
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B-LCDA alias soft function for B→ M1M2 in QCD×QED (II)

Anomalous dimension kernel for B→ M+
1 M−2 .

(>) (<) means ω > 0 (ω < 0)

Γ
>
+−(ω, ω

′
, µ) =

αs(µ)CF

π

[(
ln

µ

ω − i0
−

5

4

)
δ(ω − ω′)− F>(ω, ω

′
)

]
+
αem(µ)

π

[(
(Q2

d − 2QdQM2 ) ln
µ

ω − i0
+ iπQuQM2 −

5

4
Q2

d

)
δ(ω − ω′)

−Q2
dF>(ω, ω

′
) + QdQM2 G>(ω, ω

′
)

Γ
<
+−(ω, ω

′
, µ) =

αs(µ)CF

π

[(
ln

µ

ω − i0
−

5

4

)
δ(ω − ω′)− G<(ω, ω

′
)

]
+
αem(µ)

π

[(
(Q2

d − 2QdQM2 ) ln
µ

ω − i0
+ iπQuQM2 −

5

4
Q2

d

)
δ(ω − ω′)

−Q2
dG<(ω, ω

′
) + QdQM2 F<(ω, ω

′
)

]
The distribution F< in the QED correction generates support for ω < 0 even if the initial condition
ΦB(ω′) has support only for ω′ > 0.

F>(ω, ω
′
) = ω

[
θ(ω′ − ω)

ω′(ω′ − ω)

]
+

+

[
θ(ω − ω′)
ω − ω′

]
⊕

F<(ω, ω
′
) = ω

[
θ(ω − ω′)
ω′(ω − ω′)

]
+

+

[
θ(ω′ − ω)

ω′ − ω

]
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Inverse moments relevant to leading-power factorization theorems

1

λB(µ)
=

∫ ∞
−∞

dω

ω − i0
φB(ω, µ)

σn(µ)

λB(µ)
=

∫ ∞
−∞

dω

ω − i0
lnn
(

µ0

ω − i0

)
φB(ω, µ)

d

d lnµ
λ
−1
B (µ) =

αsCF

π

[
−σ1(µ) + ln

µ0

µ
+

5

4

]
λ
−1
B (µ)

+
αem

π

[
(Q2

d − 2QdQM2 )

(
−σ1(µ) + ln

µ0

µ

)
+

5

4
Q2

d − iπQuQM2

]
λ
−1
B (µ)

dσ1

d lnµ
=
αsCF + αemQ2

u

π

[
−σ2 + σ

2
1

]
−
αem2QdQM2

π

[
−σ2 + σ

2
1

]
dσ2

d lnµ
=
αsCF + αemQ2

u

π
[−σ3 + σ1σ2 + 4ζ3]−

αem2QdQM2

π
[−σ3 + σ1σ2 + 2ζ3]

• i0-prescription arises from the hard-collinear propagators in the jet function that supplies
the 1/ω.

• Hierarchy of coupled equations as in QCD. Otherwise numerical solution of the
evolution equation.
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Size of QED effects
2009.10615 (πK) and 2107.03819 (colour-allowed DL),
with P.Böer, G. Finauri, J. Toelstede and K.K. Vos
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Numerical estimate of QED effects for πK and D+L− final states

Up to now virtual corrections to the non-radiative amplitude.
Add (ultra)soft photon radiation.

• Electroweak scale to mB: QED corrections to Wilson coefficients included

• mB to µc:O(αem) corrections to short-distance kernels included.
QED effects in form factors and LCDA not included.

• Ultrasoft photon radiation included (same formalism as for µ+µ− with mµ → mπ ,mK )

U(M1M2) =

(
2∆E
mB

)−αem
π

(
Q2

B+Q2
M1

[
1+ln

m2
M1

m2
B

]
+Q2

M2

[
1+ln

m2
M2

m2
B

])
(M1 , M2 light mesons)

U(π+K−) = 0.914

U(π0K−) = U(K−π0) = 0.976

U(π−K̄0) = 0.954 [for ∆E = 60 MeV]

U(K̄0π0) = 1

U(D+K−) = 0.960

U(D+π−) = 0.938
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Isospin-protected ratios / sum rules for the πK final states

Consider ratios / sums where some QCD uncertainties drop out.

[MB, Neubert, 2003]

QCD

RQCD
L − 1 ≈ (1± 2)% δE ≈ 0.1% δU = 5.8%

QED correction larger than QCD and QCD uncertainty, but short-distance QED negligible.

[Gronau, Rosner, 2006]

∆(πK)QCD = (0.5± 1.1)% δ∆(πK) ≈ −0.4%

QED correction of similar size but small.
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Numerical estimate of QED effects for D(∗)+L− final states

R(0),(∗)
L (∆E) ≡

Γ(B̄d → D(∗)+L−)(∆E)

dΓ(0)(B̄d → D(∗)+µ−ν̄`)/dq2 |
q2=m2

L

R(∗)
L (∆E) ≡

Γ(B̄d → D(∗)+L−)(∆E)

dΓ(B̄d → D(∗)+µ−ν̄`)(∆E)/dq2 |
q2=m2

L

• Short-distance QED effects ≈ −1%, ultrasoft up to ≈ −7% for pions,
depending on the semi-leptonic normalization.

• Not large enough to explain the apparent amplitude deficit of −15% [Bordone et

al., 2020], but highlights the importance of proper treatment of ultrasoft radiation
effects.
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