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Dark Matter Direct Detection
Elastic Scattering
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Dark Matter Direct Detection
Inelastic Scattering
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Dark Matter Direct Detection
Scintillation Efficiency
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Migdal Problem
Original Problem

§41 Transitions under a perturbation acting for a finite time 143

PROBLEMS
Problem 1. A uniform electric field is suddenly applied to a charged oscillator in the

ground state. Determine the probabilities of transitions of the oscillator to excited states
under the action of this perturbation.

Solution. The potential energy of the oscillator in the uniform field (which exerts a
force F on it) is

U(x) = \moi2x2—Fx

= %maj2(x—xo)2+ constant

(where xo = F/mw2
), i.e. has still the pure oscillator form but with the equilibrium position

shifted. Hence the wave functions of the stationary states of the perturbed oscillator are
<lik(x—xo), where >/ijc(x) are the oscillator functions (23.12); the initial wave function is
tfio(x) (23.13). Using these functions and the expression (23.11) for the Hermite polynomials,
we find
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with the notation |o = xo-\Z(tnu)jh). On integrating k times by parts, the integral on the
right becomes

00

—00

Thus the transition probability (41.6) is

£ 2*

As a function of the number k it represents a Poisson distribution for which the mean value
of k is

k = #„z = F*l2mha>*.

Perturbation theory is applicable when F is small, so that k <^ 1. Then the excitation

probabilities are small, and decrease rapidly with increasing k. The largest is woi = k.

In the opposite case of large F (k ^> 1), excitation of the oscillator occurs with very high

probability: the probability that the oscillator will remain in the normal state is woo = e~*.

Problem 2. The nucleus of an atom in the normal state receives an impulse which gives
it a velocity v; the duration t of the impulse is assumed short in comparison both with the
electron periods and with ajv, where a is the dimension of the atom. Determine the probability
of excitation of the atom under the influence of such a "jolt" (A. B. Migdal 1939).

Solution. We use a frame of reference K' moving with the nucleus after the impact.
By virtue of the condition r <^ afv, the nucleus may be regarded as practically stationary
during the impact, so that the co-ordinates of the electrons in K' and in the original frame K
immediately after the perturbation are the same. The initial wave function in K' is

*i>o = ^0 exp(— tq . 2 rfl), q = mvjh,

where ^o is the wave function of the normal state with the nucleus at rest, and the summation
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Original Problem
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Original Problem
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Original Problem

t = 0

<latexit sha1_base64="w6Bo0gYBPEm3oD3fMHhFFCtiEDg="></latexit>

e�imev
P

i x̂i | ini

=
X

j

cj | ji

|cj |2 | ji

e�imev
P

i x̂i | ini

cj = h j |e�imev
P

i x̂i | ini

Electron energy eigenstates 
in the rest frame of the nucleus

: probability to observe

Migdal Problem



Hydrogen atom example

qeaB = 1.5

: the time-dependent solution

|hx| (t)i|2

nucleus

| (t)i =
X

j

e�iEjtcj | ji

<latexit sha1_base64="DJtmvaIoRQ/F7guzOLwDx/lTNB4="></latexit>

Migdal Problem



Application to DM Direct Detection
Migdal Problem



Formulation



Formulation
Transition Amplitude

|F or Ii = |DMi ⌦ |atomi
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Formulation
Atomic States
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Electron wave function
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Ordinary plane wave
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Formulation
Scattering cross-section

PI!F = |TFI |22⇡�(EF � EI)
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Electron Wave Functions
Migdal Factor

|ZFI(qe)|2 = |h F |e�iqe·x̂| Ii|2 ' |h F |qe · x̂| Ii|2

TABLE II. The excitation probabilities for a given initial state (n, `). P!n0`0 is defined by P!n0`0 ⌘

pdqe(n` ! n0`0). The probabilities not shown in this table are forbidden or negligibly small. The

integrated ionization probabilities are also shown in the rightmost column. The averaged binding

energies of the initial and the final orbitals are also shown which are obtained by FAC.

Ar (qe = me ⇥ 10�3)

(n, `) P!3d P!4s P!4p P!4d P!5s P!5p En` [eV] 1
2⇡

R
dEe

dpc

dEe

1s – – 1.3⇥ 10�7 – – 4.3⇥ 10�8 3.2⇥ 103 7.3⇥ 10�5

2s – – 5.3⇥ 10�6 – – 1.8⇥ 10�6 3.0⇥ 102 5.3⇥ 10�4

2p 4.3⇥ 10�6 5.0⇥ 10�6 – 3.0⇥ 10�6 1.3⇥ 10�6 – 2.4⇥ 102 4.6⇥ 10�3

3s – – 5.3⇥ 10�7 – – 1.1⇥ 10�6 2.7⇥ 10 1.4⇥ 10�3

3p 7.9⇥ 10�3 8.5⇥ 10�3 – 4.0⇥ 10�3 1.2⇥ 10�3 – 1.3⇥ 10 6.4⇥ 10�2

(n, `) 3d 4s 4p 4d 5s 5p

En`[eV] 1.6 3.7 2.5 0.88 1.6 1.2

Xe (qe = me ⇥ 10�3)

(n, `) P!4f P!5d P!6s P!6p En` [eV] 1
2⇡

R
dEe

dpc

dEe

1s – – – 7.3⇥ 10�10 3.5⇥ 104 4.9⇥ 10�6

2s – – – 1.8⇥ 10�8 5.4⇥ 103 3.0⇥ 10�5

2p – 3.0⇥ 10�8 6.5⇥ 10�9 – 4.9⇥ 103 1.3⇥ 10�4

3s – – – 2.7⇥ 10�7 1.1⇥ 103 1.1⇥ 10�4

3p – 3.4⇥ 10�7 4.0⇥ 10�7 – 9.3⇥ 102 6.0⇥ 10�4

3d 2.3⇥ 10�9 – – 4.3⇥ 10�7 6.6⇥ 102 3.6⇥ 10�3

4s – – – 3.1⇥ 10�6 2.0⇥ 102 3.6⇥ 10�4

4p – 4.1⇥ 10�8 3.0⇥ 10�5 – 1.4⇥ 102 1.5⇥ 10�3

4d 7.0⇥ 10�7 – – 1.5⇥ 10�4 6.1⇥ 10 3.6⇥ 10�2

5s – – – 1.2⇥ 10�4 2.1⇥ 10 4.7⇥ 10�4

5p – 3.6⇥ 10�2 2.1⇥ 10�2 – 9.8 7.8⇥ 10�2

(n, `) 4f 5d 6s 6p

En`[eV] 0.85 1.6 3.3 2.2
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Electron Wave Functions
Migdal Electron Spectrum
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FIG. 3. The di↵erential ionization probabilities as a function of the emitted electron energy, Ee,

for isolated Ar, Xe, Ge, Na, and I. The contributions from di↵erent `’s are summed. We also

summed all the possible final states for a given n. The integrated probabilities are given in Tab. II.
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|ZFI(qe)|2 = |h F |e�iqe·x̂| Ii|2 ' |h F |qe · x̂| Ii|2

Initial states



Electron Wave Functions
Ionization Data

You can download the data for Ar, C, F, Ge, I, Na, Ne, Si, Xe
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Limit
Xenon detectors

5

FIG. 5. Contours containing 95% of the expected DM sig-
nal from the Bremsstrahlung and Migdal e↵ects using NEST
package v2.0 [22]. The solid amber contour indicates a
Bremsstrahlung signal of mDM = 0.4 GeV/c2 assuming a
heavy scalar mediator (7.9 events). The other two con-
tours are for the Migdal e↵ect: The dashed teal contour
is for mDM = 1 GeV/c2 assuming a heavy scalar media-
tor (10.8 events), and the dash-dot light blue contour is for
mDM = 5 GeV/c2 assuming a light vector mediator (11.5
events). The number in parentheses indicates the expected
number of signal events within the contour for a given signal
model with a cross section at the 90% C.L. upper limit. The
contours are overlaid on 591 events observed in the region
of interest from the 2013 LUX exposure of 95 live days and
145 kg fiducial mass (cf. Ref [6]). Points at radius < 18 cm are
black; those at 18-20 cm are gray since they are more likely
to be caused by radio contaminants near the detector walls.
Distributions of uniform-in-energy electron recoils (blue) and
an example signal from mDM =50 GeV/c2 (red) are indicated
by 50th (solid), 10th, and 90th (dashed) percentiles of S2 at
given S1. Gray lines, with an ER scale of keVee at the top and
Lindhard-model NR scale of keVnr at the bottom, are con-
tours of the linear-combined S1-and-S2 energy estimator [25].

GeV signal and most backgrounds are in the ER band,
so ER-NR discrimination cannot be used to reduce back-
grounds in this analysis. The ER band is populated sig-
nificantly, with contributions from �-rays and � particles
from radioactive contamination within the xenon, detec-
tor instrumentation, and external environmental sources
as described in [24]. For further information about the
background model, refer to [6, 19] as the background
model used in this Letter is identical.

Results.— The sub-GeV DM signal hypotheses are
tested with a two-sided profile likelihood ratio (PLR)
statistic. For each DM mass, a scan over the SI DM-
nucleon cross section is performed to construct a 90%
confidence interval, with the test statistic distribution
evaluated by Monte Carlo sampling using the RooSt-
ats package [36]. Systematic uncertainties in background
rates are treated as nuisance parameters with Gaussian
constraints in the likelihood. Six nuisance parameters
are included for low-z-origin �-rays, other �-rays, � par-

FIG. 6. Upper limits on the SI DM-nucleon cross sec-
tion at 90% C.L. as calculated using the Bremsstrahlung
and Migdal e↵ect signal models assuming a scalar media-
tor (coupling proportional to A2). The 1- and 2-� ranges of
background-only trials for this result are presented as green
and yellow bands, respectively, with the median limit shown
as a black dashed line. The top figure presents the limit
for a light mediator with qref = 1 MeV. Also shown is a
limit from PandaX-II [10] (pink), but note that Ref. [10]
uses a slightly di↵erent definition of Fmed in their signal
model. The bottom figure shows limits for a heavy media-
tor along with limits from the SI analyses of LUX [1] (red),
PandaX-II [2] (gray), XENON1T [26] (orange), XENON100
S2-only [27] (pink), CDEX-10 [28] (purple), CDMSlite [29]
(teal), CRESST-II [30] (dark blue), CRESST-III [31] (light
blue), CRESST-surface [32] (cyan), DarkSide-50 [33] (green),
NEWS-G [34] (brown), and XMASS [35] (lavender).

ticles, 127Xe, 37Ar, and wall counts, as described in [6]
(cf. Table I). Systematic uncertainties from light yield
have been studied but were not included in the final PLR
statistic since their e↵ects were negligible. This is ex-
pected as the error on light yield obtained from the tri-
tium measurements ranges from 10% at low energies to
sub 1% at higher energies. Moreover, slightly changing
the light yield is not expected to change the limit sig-
nificantly since only a small fraction of events near the

[LUX Collaboration, ’19]

[XENON Collaboration, ’19]

5

is more conservative than the Noble Element Simulation
Technique (NEST) v2 model [24]. Fig. 3 shows the com-
parison between the expectation from our signal response
model and the S1-S2 data, as well as the (cS2b, cS1) dis-
tribution of ERs from MIGD. Signal contours for di↵er-
ent DM masses are similar since the energy spectra from
MIGD and BREM are not sensitive to incident dark mat-
ter velocity as long as it is kinematically allowed. We
have ignored the contribution of NRs in the signal model
of MIGD and BREM, since it is small compared with
ERs from MIGD and BREM in this analysis and there
is no measurement of scintillation and ionization yields
in LXe for simultaneous ER and NR energy depositions.
We use the inference only for DM mass below 2GeV/c2,
above which the contribution of an NR in the signal rate
becomes comparable with or exceeds the signal model
uncertainty.

The S1-S2 data are interpreted using an unbinned
profile likelihood ratio as the test statistic, as detailed
in [19]. The unbinned profile likelihood is calculated us-
ing background models defined in cS2b, cS1, and spa-
tial coordinates. The uncertainties from the scintillation
and ionization yields of ER backgrounds, along with the
uncertainties in the estimated rates of each background
component, are taken into account in the inference [19].
The inference procedure for the S2-only data is detailed
in [23], which is based on simple Poisson statistics using
the number of events in the S2 ROI. The event rates of
spin-independent (SI) and -dependent (SD) DM-nucleon
elastic scattering are calculated following the approaches
described in [8, 34] and [35], respectively.

The results are also interpreted in a scenario where
LDM interacts with the nucleon through a scalar force
mediator � with equal e↵ective couplings to the proton
and neutron as in the SI DM-nucleon elastic scattering.
In this scenario, the di↵erential event rates are corrected
by m�

4/(m�
2 + q2/c2)2 [36, 37], where q =

p
2mNER

and mN are the momentum transfer and the nuclear
mass, respectively. We take the light mediator (LM)
regime where the momentum transfer is much larger than
m� and thus the interaction cross section scales with m4

�.
In this regime, the contribution of NRs is largely sup-
pressed compared with SI DM-nucleon elastic scattering
due to the long-range nature of the interaction. There-
fore, the results are interpreted for DM mass up to 5
GeV/c2 for SI-LM DM-nucleon elastic scattering.

In addition, we also take into account the fact that DM
particle may be stopped or scatter multiple times when
passing through Earth’s atmosphere, mantle, and core
before reaching the detector (Earth-shielding e↵ect) [38–
40]. If the DM-matter interaction is su�ciently strong,
the sensitivity for detecting such DM particles in ter-
restrial detectors, especially in underground laboratory,
can be reduced or even lost totally. Following [26], verne
code [41] is used to calculate the Earth-shielding e↵ect
for SI DM-nucleon interaction. A modification of the
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FIG. 5. Limits on the SI (upper panel), SD proton-only (mid-
dle panel), and SD neutron-only (lower panel) DM-nucleon in-
teraction cross-sections at 90% C.L. using signal models from
MIGD and BREM in the XENON1T experiment with the
S1-S2 data (blue contours and lines) and S2-only data (black
contours and lines). The solid and dashed (dotted) lines rep-
resent the lower boundaries (also referred to as upper limits)
and MIGD (BREM) upper boundaries of the excluded param-
eter regions. Green and yellow shaded regions give the 1 and
2� sensitivity contours for upper limits derived using the S1-
S2 data, respectively. The upper limits on the SI DM-nucleon
interaction cross sections from LUX [25], EDELWEISS [26],
CDEX [27], CRESST-III [28], NEWS-G [29], CDMSLite-
II [30], and DarkSide-50 [31], and upper limits on the SD
DM-nucleon interaction cross sections from CRESST [28, 32]
and CDMSLite [33] are also shown. Note that the limits de-
rived using the S1-S2 and S2-only data are inferred using
unbinned profile likelihood method [18] and simple Poisson
statistics with the optimized event selection [23], respectively.
The sensitivity contours for the S2-only data is not given since
the background models used in the S2-only data are conser-
vative [23].

verne code based on the methodology in [42] is applied
for the calculations of SD and SD-LM DM-nucleon inter-
actions. To account for the Earth-shielding e↵ect for SD
DM-nucleon interaction, 14N in the atmosphere and 29Si
in Earth’s mantle and core are considered, and their spin
expectation values, hSni and hSpi, are taken from [43].



Limit
Germanium detectors

[CDEX Collaboration, ’19] [EDELWEISS Collaboration, ’19]
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FIG. 1. (a) Expected measureable spectra of the �-N elastic
SI-scattering (gray dash line), �-N inelastic SI-scattering due
to Migdal e↵ect with N shell (n=4) electron, M shell (n=3)
electron and L shell (n=2) electron ionized (blue, red and
cyan regions, respectively), and the Migdal signal used in this
analysis ((n=2)+(n=3), black soild line). The target nucleus
is Ge, the mass of WIMPs is set to 1 GeV/c2, and �SI

�N is
set to 10�36 cm2. The analysis energy threshold is marked
by the black dash-dotted line. Energy resolution is not taken
into account in this plot. (b) The measured spectrum for
TI analysis (black point) [11], with L/M-shell x-ray contribu-
tions from the cosmogenic nuclides in the germanium crystal
subtracted. The bin width is 50 eVee, and the energy range
is 0.16-2.16 keVee. The blue dash-dotted line and red dash
line are the expected �-N spectra due to Migdal e↵ect at m�

equal to 50 MeV/c2 and 1.0 GeV/c2, at cross section corre-
sponding to the upper limit at 90% confidence level, derived
by binned poisson method.

of 17% at the analysis threshold of 160 eVee [11]. Surface
events were rejected and bulk events were selected based
the rise time of the signal pulses. The residual energy
spectrum is shown in Fig. 1 (b).

Upper limits at 90% confidence level (C.L.) in �SI
�N are

derived by Binned Poisson method [31]. The constraint
results at m�=1 GeV/c2 and m�=50 MeV/c2 are shown
in Fig. 1 (b) by dash and dash-dotted lines. The ex-
clusion curve is shown in Fig. 2, in which several other
experiments are superimposed for reference. New limits
are achieved for m� < 180 MeV/c2, and the lower reach
of m� is extended to 50 MeV/c2.
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FIG. 2. Upper limits at 90% C.L. on �SI
�N derived by Binned

Poisson method in TI analysis using the CDEX-1B exper-
iment data, with several benchmark experiments [5, 6, 11–
13, 32–35] superimposed. Limits from nuclear recoil-only
analysis with the same data set is shown (black dash line) as
comparison. This analysis incorporating Migdal e↵ect (red
solid line) provides the best sensitivities for m� ⇠50�180
MeV/c2, significantly expanding the excluded parameter
space over earlier work (other solid lines).

Annual modulation (AM) analysis. Positive observa-
tions of AM would provide smoking-gun signatures for
WIMPs independent of the astrophysics and background
models. Compared to TI analysis, the AM e↵ects are
enhanced at low WIMP mass, related to the specific
shape of the ionization probability spectrum, and the
sub-GeV sensitivities of the Migdal analysis can further
exploit the potentials of AM studies. The Earth’s veloc-
ity relative to the galactic WIMP halo is time-varying
with a period of one year, and can be expressed as
vE = 232 + 30 ⇥ 0.51 cos(2⇡/T ⇥ (t � �)) km/s, where
T is set to be 365.25 days, � is set to be 152.5 days
from January 1st [36]. The expected measurable spectra
at di↵erent time of the year are shown in Fig. 3, where
obvious modulation e↵ect can be observed.
We adopt in this AM analysis the same data as previ-

ously used to study AM e↵ects in the conventional �-N
nuclear recoil channel [19]. There are two datasets, Run-1
with the the NaI(Tl) anti-Compton detector, and Run-2
without NaI(Tl), having 751.3 and 428.1 live days, re-
spectively, and together spanning a total of 1527 calendar
days (⇠4.2 yr) and a total exposure of 1107.5 kg·day. The
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FIG. 6: The 90% C.L. limits on the cross section for spin-independent interaction between a DM particle and a nucleon as a
function of the particle mass obtained in the present work. The thick solid red line corresponds to the result from the standard
WIMP analysis. The associated red contour is obtained from the SIMP analysis, taking into account the slowing of the DM
particle flux through the material above the detector. The thick dashed line and its accompanying red contour is obtained in
the Migdal analysis. These results are compared to those of other experiments (see text). Other results using the Midgal e↵ect
are shown as dashed lines. The other shaded contours correspond to the SIMP analyses of the CRESST 2017 Surface Run
[30, 31, 50] (blue contour), the XQC rocket [52, 54] (grey contour with full line) and the CMB [55] (grey contour with dashed
line).

are not incorporated in the flux calculation. Instead, the
DM velocity distribution is conservatively set to zero be-
low vcut = 20 km/s when calculating SIMP bounds.

Because of the very large values of cross sections in-
volved and consequently large attenuation of the flux, the
simulation of the SIMP signals corresponding to the up-
per bound of the excluded cross section contour requires
samples many orders of magnitude larger than those re-
quired in the simple WIMP analysis of Sec. IVA. As
scaling up the simulated sample size from 106 to > 1010

was not technically feasible for computational reasons,
we developed an analytic model for the detector response
based on the simulation of 107 events with input energies
ranging from 0 to 2.5 keV (see Appendix A). This model
describes the probability POF(Eout|Ein) of reconstructing
an energy Eout given an initial energy Ein when applying
the optimal filter algorithm of Sec. IIIA 3. The observed

spectrum of events dR

dEout
is thus given by:

dR

dEout

= ⌘(Eout)

Z 1

0

POF(Eout|Ein)
dR

dEin

dEin . (4)

The measured e�ciency as a function of output energy
is ⌘(Eout), as shown by the red curve in the right panel
of Fig. 3. The calculation of POF and the comparison of
the analytic detector response with results of the pulse
simulations is discussed in Appendix A.
Using the signal calculated in these simulations, the

same statistical procedure described in Sec. IVA is ap-
plied to derive the 90% C.L. upper bounds on the ex-
cluded cross section interval as a function of SIMP mass,
resulting in the red contours shown in Fig. 6. The upper
bound reported in this work improves upon the high-
cross section reach of the CRESST 2017 surface run [50]
(thin blue), as reported in Refs. [30, 31, 58]. This im-
provement is driven in part by the longer exposure of the
EDELWEISS-Surf run, which covers a full day. This in-
cludes periods when the mean direction of the DM flux

For theory, see also 
[R. Essig, J. Pradler, M. Sholapurkar, T. T. Yu, ’20; ZL Liang, L. Zhang, F. Zheng, P. Zhang, ’20;  
S. Knapen, J. Kozaczuk, T. Lin, '21]



Measurement of Migdal effect
Proof of principle

Overview of the MIGDAL experiment

� The Migdal effect is currently being exploited to increase
sensitivity to light WIMPs, but it has not been
experimentally confirmed.

� We will utilise the increased Migdal probability of high
energy neutron scattering to directly observe the Migdal
Effect with a GEM-based OTPC in low pressure CF4.

� We will use a low-pressure chamber where recoil tracks
are long enough to be resolved by our camera.

16/06/2021TIMOTHY.MARLEY15@IMPERIAL.AC.UK 3

Neutral
projectile

Migdal
electron

Migdal event topology involves a nuclear recoil and 
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Event topology of Migdal
• Situation

• Migdal ionization (K-shell) --> Migdal electron and hole
• X-ray by de-excitation

• Feature
• two cluster (in the gaseous medium)
• cluster-B is fixed energy
• --> position sensitive gaseous detector

target Ar 1atm Xe 8atm
energy 4keV 30keV

X-ray absorption length 2.95cm 2.19cm

fluorescence yield 0.13 0.9
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• Inelastic scattering effectively absorbs the kinetic energy 
of DM and can extend the sensitivity of detectors down to 
the sub-GeV DM-mass regime. 

• We re-formulated the Migdal effect carefully and 
published the Migdal data. 

• The Migdal effect is now used in various existing/
proposed DM experiments and the proof-of-principle 
experiments are going on.  

• If you have requests or questions, feel free to contact us.

The Migdal Effect
Summary


