
TRR 257  P3H:  Particle  Physics Phenomenology after the Higgs discovery

Robert Harlander 
Alexander Lenz  
Ulrich Nierste 

C1c | Non-perturbative matrix elements for  
          B-mixing and lifetimes



C1c | Non-perturbative matrix elements for B-mixing and lifetimes | Robert Harlander, Alexander Lenz, Ulrich Nierste 2

Project C1c - Overview:

Summary: the main focus is lifetimes and inclusive decays of B and D mesons. Based on the Heavy Quark 
Expansion a systematic expansion of the physical quantities is obtained as an expansion in the inverse heavy 
quark mass.                                                                                                                                                                                       


Non-perturbative matrix elements of four-quark operators of dimension six  and dimension seven  are 
computed with sum rules and lattice QCD and their phenomenological implications are studied.


⟨�̃�6⟩ ⟨�̃�7⟩
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Project C1c - Experimental Status:
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Project C1c - Theoretical Status:

The total decay rate of a  meson can be expressed asBq  effective HamiltonianΔB = 1

Using the optical theorem this can be rewritten as

Heavy Quark Expansion: 
Shifman, Voloshin 1983,… 
For history see: AL 1405.3601 
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Project C1c - Theoretical Status:

The total decay rate of a  meson can be expressed asBq

• Perturbative Wilson coefficients 

• Non-perturbative matrix elements of 2 quark operators  

• Non-perturbative matrix elements of 4 quark operators   

⟨𝒪i⟩

⟨�̃�i⟩

Project C1b 
Lenz, Nierste, Steinhauser

Project C1c 
Harlander, Lenz, Nierste
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Project C1b 
Lenz, Nierste, Steinhauser
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 independent of   mesonΓi B
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Project C1c - Theoretical Status:

The total decay rate of a  meson can be expressed asBq

• Perturbative Wilson coefficients 

• Non-perturbative matrix elements of 2 quark operators : dependent of   meson 

• Non-perturbative matrix elements of 4 quark operators  : dependent of   meson 

⟨𝒪i⟩ B

⟨�̃�i⟩ B

Project C1b 
Lenz, Nierste, Steinhauser

Project C1c 
Harlander, Lenz, Nierste

 independent of   meson -   dependent of   mesonΓi B Γ̃i B
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Project C1c - Theoretical Status Quo

Perturbative semi-leptonic 

Perturbative non-leptonic 

Non-perturbative matrix elements
Piscopo 2302.14590



C1c | Non-perturbative matrix elements for B-mixing and lifetimes | Robert Harlander, Alexander Lenz, Ulrich Nierste 14

Project C1c - Theoretical Status Quo

Perturbative semi-leptonic 

Perturbative non-leptonic 

Non-perturbative matrix elements
Piscopo 2302.14590

People in  
Aachen,  

Karlsruhe,  
Siegen



C1c | Non-perturbative matrix elements for B-mixing and lifetimes | Robert Harlander, Alexander Lenz, Ulrich Nierste 15

Project C1c - Theoretical Status Quo

Perturbative semi-leptonic 

Perturbative non-leptonic 

Non-perturbative matrix elements
Piscopo 2302.14590

People in  
Aachen,  

Karlsruhe,  
Siegen

No lattice values
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Project C1c - Theoretical Status: Ratios
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• Free quark decay  cancels exactly 

• Kinetic, chromo-magnetic, Darwin term proportional to isospin violating effects 

• Sizable effects expected due to spectator effects: Pauli interference  

• For : large contribution due to Darwin term,  unknown! ,                                                       
 extracted from inclusive  fits - 2 different results! Gambino et al. vs Vos et al.

Γ3
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Could be dominant for 
τ(Bs)
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Project C1c - Theoretical Status: Results for bottom Hadrons
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Project C1c - Theoretical Status: Results for charm hadrons



C1c | Non-perturbative matrix elements for B-mixing and lifetimes | Robert Harlander, Alexander Lenz, Ulrich Nierste 23

Project C1c: Current theory uncertainties

Lenz, Piscopo, Rusov; 2208.02643 

C1a
C1c

C1b

C1c
C1c

C1a

C1a

C1a
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Project C1c - Project plans:

 
1. Calculation of sum rules for  for mixing


2. Calculation of sum rules for  for lifetimes


3. Perturbative calculation of flowed matching matrix  through NNLO


4. Lattice calculation of flowed matrix elements 


5. Extrapolation to zero flow time


6. Phenomenological studies

⟨�̃�7⟩

⟨�̃�7⟩

ζnm(t)

⟨Õn(t)⟩

Currently 
Matthew Black,  

Soon Martin Lang

Matthew Black,  
Robert Harlander, 

Fabian Lange, 
Oliver Witzel
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Project C1c - Work package 6:

Lifetimes and mixing parameter to test the SM and extensions of it  
Improved knowledge of the values of the matrix elements of dimension-6 and -7 four-quark operators will considerably increase the 
precision of the SM predictions for B meson lifetimes and B mixing parameter, providing crucial tests of the SM. Within the SM such an 
increased precision can further be used to directly determine CKM parameters involving the top quark, or  indirectly. Extensions of 
the SM can significantly modify the theory predictions for lifetimes and mixing, and we will investigate the impact of our results on 
different BSM approaches, which are studied within the CRC. 


Vcb
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Project C1c

Spare slides
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Project C1c - Overview 2:

Previous work of the participating scientists: 


• HQET sum rule: calculation of dimension six matrix 
elements  for  and  mixing and for lifetimes of ,  

,  and mesons and of  corrections to describe 
 mixing and lifetimes and  lifetimes


• Lattice: calculation of dimension six matrix elements  
for  mixing within RBC-UKQCD

⟨�̃�6⟩ Bd D Bd
B+ D0 D+ ms
Bs D+

s

⟨�̃�6⟩
Bs

• Gradient flow: software framework for perturbative 
calculations in the gradient flow formalism / various 
applications / flowed coefficients of dimension-6 current-
current operators
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Project C1c - Work package 1:

Sum rule determination of matrix elements of dimension-7 operators for mixing  
We will calculate the perturbative three-loop correction to the three-point sum rules with an insertion of the dimension-7 four-quark 

 operators. This work proceeds analogously to the calculations performed in (Kirk, Lenz, Rauh, 2017) for dimension-6 
operators. First the case of massless spectator quarks will be considered and then extended to massive spectator quarks by 
expanding in light quark masses, as done in (King, Lenz, Rauh, 2019). 


ΔB = 2
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Project C1c - Work package 2:

Sum rule determination of matrix elements of dimension-7 operators for lifetimes  
For the lifetimes we plan to calculate non-perturbative and perturbative three-loop corrections to the three-point sum rules with an 
insertion of the dimension-7 four-quark operators. Again, we will start with the massless spectator quark case and later also expand in 
light spectator quark masses, following the calculations performed for dimension-6 operators (Kirk, Lenz, Rauh, 2017) (King, Lenz, 
Rauh, 2022). In addition we will study the size of eye-contractions at dimension seven. 
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Project C1c - Overview 3:

Role within the CRC  

• C1b: perturbative Wilson coefficients

• C1a: Parameter of HQE

• A3a, B3a, C3b: BSM models

• C2b: constraints on BSM in non-leptonic decays
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