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2016

2018

2008
20062004

2002

1990

ZZ, G. Heinrich, et al.

VBF diif. J. Cruz-Martinez, et al.

HH (VBF-diff) F. A. Dreyer et. al

!j-! Gehrmann et. al

2019

Nested SC Melnikov et. al

tt Catani  et. al

!!!, M. Czakon et. al

2020
2021

ttH Catani  et. al

bb Catani  et. al

!!j, Chawdhry,M. Czakon et. al

Single-t Campbell et. al 

W+c-jet, M. Czakon et. al
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B-hadron ,M. Czakon et. al

Gavin Salam inspired slide

fig. by L. Cieri; inspired by G. Salam

Timeline of NNLO calculations for hadronic collisions

Fast progress for
2 → 2 processes 

with massless legs

some 2 → 3 calculations

“NNLO revolution” starting in 2014
for 2 → 2 processes with massless propagators

Calculations remain challenging for multi-scale processes 
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Introduction

4

The NNLO revolution was partly caused by the observation, that 
Differential Equations can usually be brought into canonical form [Henn 13]
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@xi
~I(~x) = ✏Ai(~x)~I(~x)

→ DEQ can be solved order-by-order in 𝜀
→ Solution in terms of iterated integrals

for massless integrals: mostly HPLs/GPLs resp. PolyLogs

However, with massive propagators, the calculation can quickly become complicated
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one loop (124–127), where the torus naturally appears as the one-loop worldsheet associated to a
scattering of (closed) superstrings. In the context of Feynman integrals, however, the formulation
involving square roots is more appropriate, because it is more directly connected to the kinematic
invariants of the scattering process.

The two-loop sunrise integral can be expressed in terms of the functions described above.
There is an especially simple formula for the sunrise integral in two space-time dimensions. In
terms of the eMPLs of Equation 47, the result for that integral can be written as

− 4K(λ)
(p2 +m2)√a13a24

[
2E4

(
0 −1
0 ∞ ; 1,!a

)
+ E4

(
0 −1
0 0 ; 1,!a

)
+ E4

(
0 −1
0 1 ; 1,!a

)]
, 51.

where ai j = ai − a j and λ = a14a23/a13a24. The more complicated four-dimensional result can be
obtained straightforwardly from this expression, as is explained in Reference 128. Let us brie!y
discuss a remarkable property of Equation 51. The eMPLs inside the square brackets have length
two and weight one. It is natural to assign weight one to the complete elliptic integral of the "rst
kind, K(λ), because limλ→0 K(λ) = π/2, and π has weight one. Equation 51 shows that the sunrise
integral in two space-time dimensions has uniformweight two (recall that algebraic functions have
weight zero, and the weight is additive)! Similar results have been obtained for several other elliptic
Feynman integrals (119), indicating that the property of uniform weight discussed in Section 4.2
is not restricted to Feynman integrals that evaluate to MPLs but carries over to elliptic cases.

The representation of the sunrise integral in Equation 51 is only one among many, and various
other representations in terms of other classes of special functions exist (114, 123, 129–134). A
common feature of these results is that they require the introduction of an elliptic generalization
of MPLs.Unlike the representation in Equation 51, however, the relationship of these other func-
tions to the eMPLs in pure mathematics and string theory is often unclear. It is possible to express
the sunrise integral in terms of iterated integrals of modular forms (135–137), which are closely
connected to eMPLs. A detailed review of iterated integrals of modular forms, however, would go
beyond the scope of this review.

6. CONCLUSIONS
The fact that no deviations from the SM predictions have been observed by the LHC experi-
ments poses new challenges to our ability to perform precision computations. Indeed, due to the
impressive performance of the LHC experiments, we are now in a situation where many exper-
imental measurements match the precision achieved by theoretical computations. We therefore
face an increasing need to push our predictions to the next order in perturbation theory if we want
to exploit to a maximum the data that have already been collected—and will be collected in the
future—by the LHC experiments. This is a daunting task that probably cannot be achieved by
traditional approaches, calling instead for new and ef"cient computational techniques.

The last couple of years have seen an increase in our ability to perform complicated higher-
order computations. This progress was fueled by, among other things, the realization that some
of the mathematical concepts that appear in multiloop computations are also an active area of
research in pure mathematics. This progress has led to the development of novel computational
techniques based on cutting-edge tools from modern mathematics. In particular, the realization
that MPLs form a Hopf algebra equipped with a coproduct, and that this structure can be used to
get a systematic handle on the relations satis"ed by these functions, has enabled a more systematic
treatment of them and has formed the basis of many new developments in multiloop computa-
tions. Also, the coproduct on MPLs is the cornerstone of the bootstrap approach to scattering
amplitudes in (planar) N = 4 SYM. Combining the coproduct with physical information from
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Note that the one-loop results fromReferences 109 and 110 are not restricted to !nite integrals
and that they apply equally well to integrals that have poles in ε. In this sense, the representation of
the coproduct of one-loop integrals in terms of one-loop graphs and their cuts is complementary to
the results from pure mathematics, which hold only for !nite integrals, but without any restriction
on the number of loops. In the future, it would be interesting to determine whether it is possible
to extend the one-loop results from References 109 and 110 to higher loops. Doing so would shed
light on the mysterious cosmic Galois group introduced in the mathematics literature and on the
role it plays in quantum !eld theory.

5.2. Functions Beyond Multiple Polylogarithms
So far, this review has focused on Feynman integrals that evaluate to MPLs. It is well known,
however, that when starting from two loops not all Feynman integrals can be expressed in terms
of MPLs alone. The !rst appearance of a two-loop integral that cannot be expressed in terms
of MPLs was in quantum electrodynamics (112), where it was observed that the electron self-
energy involves elliptic integrals. Elliptic integrals have been well known in mathematics since
the eighteenth century, and their most prominent representatives are the so-called (complete)
elliptic integrals of the !rst and second kinds, de!ned as

K(λ) =
∫ 1

0

dx
√
(1 − x2)(1 − λx2)

and E(λ) =
∫ 1

0
dx

√
1 − λx2

1 − x2
. 46.

The main characteristic of an elliptic integral is the appearance of a square root of a quartic (or
cubic) polynomial in the integrand. Such a square root is intrinsically connected to an elliptic
curve, de!ned (loosely speaking) as the set of points (x, y) satisfying the equation y2 = P(x), where
P(x) is a polynomial of degree three or four. For example, the elliptic curve attached to the integrals
in Equation 46 is the set of points (x, y) such that y2 = (1 − x2)(1 − λx2).

The most prominent Feynman integral that cannot be evaluated in terms of MPLs alone but
requires the introduction of functions of the elliptic type is the so-called sunrise integral, that is,
the two-loop integral with three massive propagators (Figure 2). It was observed 15 years ago
that the discontinuity of this integral where all three propagators are replaced by δ functions can
be expressed in terms of complete elliptic integrals of the !rst kind (113). However, this is not
true for the full (uncut) integral, whose analytic expression continued to remain mysterious. This
is not totally surprising: Just as in the polylogarithmic case, where the logarithm function is not
enough and we need generalizations of it in terms of iterated integrals, it is natural to expect that
similar generalizations of the elliptic integrals in Equation 46 are required.

In a landmark paper, Bloch & Vanhove (114) showed that the sunrise integral with three equal
masses can naturally be written in terms of a generalization of the dilogarithm to an elliptic curve.
This function is a special case of a more general class of functions, called elliptic multiple poly-
logarithms (eMPLs) (115–117), which can be thought of as iterated integrals generalizing both

m1

m2

m3

p

Figure 2
The sunrise graph with three massive propagators with masses m1,m2, and m3.
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MPLs and elliptic integrals. They are de!ned recursively as (118, 119)

E4
(
n1 . . . nk
c1 . . . ck ; x,!a

)
=
∫ x

0
dt !n1 (c1, t,!a) E4

(
n2 . . . nk
c2 . . . ck ; t,!a

)
, 47.

where ni ∈ Z and ci ∈ C ∪ {∞}. The number of integrations k is called the length of an eMPL, and∑k
i=1 |ni| is its weight. The kernel !n1 (c1, t,!a) is a function that has at most a simple pole at t = c1.

This structure generalizes the simple expression 1/(t − c1) used for the kernel in Equation 12. It is
discussed in more detail in next paragraph. The vector !a = (a1 . . . a4) encodes information about
the polynomial of degree four de!ning the elliptic curve in question, P(x) = (x− a1) . . . (x− a4).
For the sunrise integral, this vector is given by (for simplicity, we consider the case where all three
propagator masses are equal,m1 = m2 = m3 = m)

!a =
(
1
2

(
1 +

√
1 + ρ

)
,
1
2

(
1 +

√
1 + ρ

)
,
1
2

(
1 −

√
1 + ρ

)
,
1
2

(
1 −

√
1 + ρ

))
, 48.

where

ρ = − 4m2

(m+
√

−p2)2
and ρ = − 4m2

(m−
√

−p2)2
. 49.

Here, p denotes the external momentum "owing into the loop.
One of the main differences between ordinary MPLs and eMPLs is the integration kernels

that appear in their de!nition. While for MPLs all integrations involve only the single kernel
1/(t − c) (see Equation 12), the de!nition of eMPLs in Equation 47 involves in!nitely many
different !n(c, t,!a), one for each integer n. Although it may seem that we need to introduce an
in!nite number of new special functions, one can show that in concrete applications only a !nite
number of distinct !n contribute, generically for small values of |n|. Another difference between
MPLs and eMPLs is that the analytic form of the !n can quickly get rather complicated. In
particular, not only are the !n rational functions (as in the case of MPLs in Equation 12), but
also they can involve transcendental functions in the form of the elliptic integrals in Equation
46. For this reason, they are not shown here (see References 118 and 119 for their de!nition).
Here, it suf!ces to say that the !n(c, t,!a) have, at most, a simple pole in both t and c. In particular,
!1(c, t,!a) = 1/(t − c). As a consequence, eMPLs are a genuine generalization of MPLs, and they
contain them as a special case (independently of the value of !a):

E4
(
1 . . . 1
c1 . . . ck; x,!a

)
= G(c1, . . . , ck; x), ci %= ∞. 50.

eMPLs share many of the properties of their nonelliptic analogs. In particular, they form a
shuf"e algebra. Moreover, they also have the feature of being closed under taking primitives, just
like ordinary MPLs (117, 118). Finally, it is possible to de!ne a variant of the coproduct that gen-
eralizes the coproduct on MPLs to the elliptic case (120, 121). These properties, combined, open
the way to extend to elliptic cases some of the novel ways of computing complicated integrals
described in Section 4.1. The !rst steps in this direction have been taken (122, 123); speci!cally,
Feynman-parameter integrals can be integrated in terms of elliptic generalizations of MPLs using
techniques very similar to those used for ordinary MPLs in Section 4.1. Note that the variant of
eMPLs de!ned in Equation 47 is closely related to and inspired by the multiple elliptic polylog-
arithms de!ned in the mathematics literature (117). These polylogarithms, however, are de!ned
as iterated integrals on a punctured torus, which avoids the appearance of square roots in the in-
tegrand. The same functions have also appeared in the computation of superstring amplitudes at
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Most 
complicated 

terms:
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Outline of the Talk

5

Multi-Scale 2-Loop Amplitudes # scales     =     # indep. Mandelstam invariants 
+ # indep. masses

• Introduction

• The standard (analytic) approach
- application to massless 2 → 3 processes

• 2 → 2 processes with massive internal legs
- heavy top limit 
- series expansions
- numerical methods
- new ideas

• Common issues
- expression swell
- mass-scheme uncertainties

• Conclusion

Disclaimer:
The focus of this talk is on an overview of the methods used,
not on the presentation of all calculations



The Standard Approach to Multi-Loop Calculations

6

1. Identify possible tensor structures using (gauge/permutation) symmetries,
e.g. for HH production

2. Calculate the form factors using projectors

→ all Lorentz indices are contracted
L-loop N-propagator integrals written as

3. IBP reduction [Chetyrkin, Tkachov; Laporta]

choose tensor decomposition such that

Glover, van der Bij ‘88

amplitude structure:

example gg ! hh

(independent of #loops) 

diagrams with trilinear couplings 
enter only here

form factors/reduction

construct projectors such thatPµ⌫
j

current status:
projectors as input to GoSam-2L 
algebra done automatically by GoSam-2L (FORM)

interface to Reduze to identify integral symmetries

reduction: interface to Reduze, LiteRed, FIRE

form factors/reduction

construct projectors such thatPµ⌫
j

current status:
projectors as input to GoSam-2L 
algebra done automatically by GoSam-2L (FORM)

interface to Reduze to identify integral symmetries

reduction: interface to Reduze, LiteRed, FIRE
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<latexit sha1_base64="3vmbNTvUYk9HHBUI9+ESA2edyW4="></latexit>

I({⌫i}) =
Z Y

lL

ddll

Q
i>N Di(q2i �m2

i )
�⌫i

Q
iN Di(q2i �m2

i )
⌫i

choose tensor decomposition such that

Glover, van der Bij ‘88

amplitude structure:

example gg ! hh

(independent of #loops) 

diagrams with trilinear couplings 
enter only here

Z
ddpi

@

@pµi
[qµ I0(p1, . . . , pl; k1, . . . , km)] = 0

q: loop or external momentum

New ideas: direct calculation of polarized amplitudes
L. Chen 19; Peraro, Tancredi 19,20

→ employ linear relations to express to reduce all loop integrals to minimal set of independent master integrals



The Standard Approach to Multi-Loop Calculations

7

4. Differentiate master integrals wrt. kin. invariants xj
→ system of differential equations (DEQs)

5. Find transformation U to canonical basis, such that

For multi-scale problems, this often introduces square roots or elliptic functions into the system of DEQs

6. Solve DEQs order by order in 𝜀, 
integration constants can be fixed, e.g. known integral result in specific limits (easier to calculate)

<latexit sha1_base64="4BC/apFpUvmQUd35xHqYK7E4ZmY="></latexit>

@~I(~x, ✏)

@xj
= Axj (~x, ✏)~I(~x, ✏)
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@~I 0(~x, ✏)

@xj
= ✏A0

x(~x)~I
0(~x, ✏)
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I 0(~x, ✏) = U(~x, ✏)I(~x, ✏)

can sometimes be removed by variable change, e.g.
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The integration is straightforward in terms of GPLs, if A’x contains only simple poles
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The zi are called letters



Massless 2 → 3 scattering
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(a)
penta-box
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(b)
hexa-box

1
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3

k1 k2

(c)
double-pentagon

FIG. 1: Integral topologies for massless five-particle
scattering at two loops.

pi are massless external momenta. We also introduce
the parity-odd invariant ε5 as

ε5 = tr
[
γ5/p1/p2/p3/p4

]
. (1)

We denote the loop momenta for the double-pentagon
family by k1 and k2, defined as shown in Fig. 1c.
The inverse propagators are

D1 = k21 , D2 = (−p1 + k1)2 ,

D3 = (−p1 − p2 + k1)2 , D4 = k22 ,

D5 = (p4 + p5 + k2)2 , D6 = (p5 + k2)2 ,

D7 = (k1 − k2)2 , D8 = (p3 + k1 − k2)2 ,

D9 = (p5 + k1)2 , D10 = (−p1 + k2)2 ,

D11 = (−p1 − p2 + k2)2 ,

(2)

where D9, D10 and D11 are irreducible scalar products
(ISPs).

LEADING SINGULARITIES AND UNIFORM
TRANSCENDENTAL WEIGHT INTEGRALS

The integrals of the double-pentagon family, shown in
Fig. 1c, can be related through integration-by-parts re-
lations [34–36] to a basis of 108 master integrals. Out of
these, 9 are in the so-called top sector, namely they have
all 8 possible propagators. Our goal is therefore to find
108 linearly independent UT integrals.
The integrals of the sub-topologies are already known,

because they are either sub-topologies of the penta-
box [9, 29] and of the hexa-box [30] families, or they
correspond to sectors with less than five external mo-
menta [37, 38]. In order to complete the UT basis, we
begin by searching for four-dimensional d log integrals,
which are closely related to UT integrals [24].
An #-loop four-dimensional d log integral is an integral

whose four-dimensional integrand Ω can be cast in the
form

Ω =
∑

I=(i1,...,i4!)

cI d logRi1 ∧ . . . ∧ d logRi4! , (3)

where the Q-valued constants cI are the leading singu-
larities of Ω.

In order to perform the loop integration in D = 4− 2ε
dimensions, where ε is the dimensional regulator, it is
necessary to clarify how the integrand is to be defined
away from four dimensions. For example, one may sim-
ply “upgrade” the loop momenta from 4-dimensional to
D-dimensional (abbreviated as 4d and Dd) ones. We
call this the “näıve upgrade” of a 4d integrand. While
this method is quite powerful in finding a UT basis,
and indeed it has already found many successful appli-
cations [23, 39], the freedom involved in the upgrade can
become important, especially for integrals with many
kinematic scales. We first review the four-dimensional
analysis, and then provide a method of fixing the free-
dom, while maintaining the advantages of the canonical
differential equations method.
In this Letter, we use two techniques to find 4d d log

integrals.
(1) The algorithm [25], which can decide if a given

rational integrand can be cast in d log form (3). Starting
from a generic ansatz for the numerator, this algorithm
can classify all possible 4d d log integrals in a given family.
(2) Using computational algebraic geometry, we con-

sider a generic ansatz for the numerator Neven =∑
α cαmα of the parity-even, or Nodd =

∑
α cαmα/ε5 of

the parity-odd d log integrals. Each cα is a polynomial in
sij , and mα is a monomial in the scalar products. By re-
quiring the 4d leading singularities of the ansatz to match
a given list of rational numbers, we can use the module
lift techniques [40] in computational algebraic geometry
to calculate all cα and to obtain a 4d d log basis. This
method usually needs only a very simple ansatz, and the
module lift can then be performed through the computer
algebra system Singular [41].
One interesting phenomenon is that, for the double-

pentagon family, the näıve upgrade of a 4d d log integral
is in general not UT. Let us take the 4d d log integrals
presented in Ref. [42] as examples. The sum of the first
and the fifth d log integral numerators for the double-
pentagon diagram in Ref. [42], which we denote by B1 +
B5, does not yield a UT integral after the näıve upgrade.
This can be assessed from the explicit computation of the
differential equation.
The obstruction of the näıve upgrade implies that, in

order to obtain UT integrals, we have to consider terms
in the integrands which vanish as D = 4. These terms
can be conveniently constructed from Gram determinants
involving the loop momenta k1 and k2,

Gij = G

(
ki, p1, p2, p3, p4
kj , p1, p2, p3, p4

)

, with i, j ∈ {1, 2} . (4)

An integrand whose numerator is proportional to a com-
bination of the different Gij explicitly vanishes in the
D → 4 limit. UT integral criteria based on 4d cuts or 4d
d log constructions can not detect these Gram determi-
nants, and may yield inaccurate answers on whether an

scales: 5 independent Mandelstam invariants 
+ parity-odd invariant 
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pi are massless external momenta. We also introduce
the parity-odd invariant ε5 as

ε5 = tr
[
γ5/p1/p2/p3/p4

]
. (1)

We denote the loop momenta for the double-pentagon
family by k1 and k2, defined as shown in Fig. 1c.
The inverse propagators are

D1 = k21 , D2 = (−p1 + k1)2 ,

D3 = (−p1 − p2 + k1)2 , D4 = k22 ,

D5 = (p4 + p5 + k2)2 , D6 = (p5 + k2)2 ,

D7 = (k1 − k2)2 , D8 = (p3 + k1 − k2)2 ,

D9 = (p5 + k1)2 , D10 = (−p1 + k2)2 ,

D11 = (−p1 − p2 + k2)2 ,

(2)

where D9, D10 and D11 are irreducible scalar products
(ISPs).

LEADING SINGULARITIES AND UNIFORM
TRANSCENDENTAL WEIGHT INTEGRALS

The integrals of the double-pentagon family, shown in
Fig. 1c, can be related through integration-by-parts re-
lations [34–36] to a basis of 108 master integrals. Out of
these, 9 are in the so-called top sector, namely they have
all 8 possible propagators. Our goal is therefore to find
108 linearly independent UT integrals.
The integrals of the sub-topologies are already known,

because they are either sub-topologies of the penta-
box [9, 29] and of the hexa-box [30] families, or they
correspond to sectors with less than five external mo-
menta [37, 38]. In order to complete the UT basis, we
begin by searching for four-dimensional d log integrals,
which are closely related to UT integrals [24].
An #-loop four-dimensional d log integral is an integral

whose four-dimensional integrand Ω can be cast in the
form

Ω =
∑

I=(i1,...,i4!)

cI d logRi1 ∧ . . . ∧ d logRi4! , (3)

where the Q-valued constants cI are the leading singu-
larities of Ω.

In order to perform the loop integration in D = 4− 2ε
dimensions, where ε is the dimensional regulator, it is
necessary to clarify how the integrand is to be defined
away from four dimensions. For example, one may sim-
ply “upgrade” the loop momenta from 4-dimensional to
D-dimensional (abbreviated as 4d and Dd) ones. We
call this the “näıve upgrade” of a 4d integrand. While
this method is quite powerful in finding a UT basis,
and indeed it has already found many successful appli-
cations [23, 39], the freedom involved in the upgrade can
become important, especially for integrals with many
kinematic scales. We first review the four-dimensional
analysis, and then provide a method of fixing the free-
dom, while maintaining the advantages of the canonical
differential equations method.
In this Letter, we use two techniques to find 4d d log

integrals.
(1) The algorithm [25], which can decide if a given

rational integrand can be cast in d log form (3). Starting
from a generic ansatz for the numerator, this algorithm
can classify all possible 4d d log integrals in a given family.
(2) Using computational algebraic geometry, we con-

sider a generic ansatz for the numerator Neven =∑
α cαmα of the parity-even, or Nodd =

∑
α cαmα/ε5 of

the parity-odd d log integrals. Each cα is a polynomial in
sij , and mα is a monomial in the scalar products. By re-
quiring the 4d leading singularities of the ansatz to match
a given list of rational numbers, we can use the module
lift techniques [40] in computational algebraic geometry
to calculate all cα and to obtain a 4d d log basis. This
method usually needs only a very simple ansatz, and the
module lift can then be performed through the computer
algebra system Singular [41].
One interesting phenomenon is that, for the double-

pentagon family, the näıve upgrade of a 4d d log integral
is in general not UT. Let us take the 4d d log integrals
presented in Ref. [42] as examples. The sum of the first
and the fifth d log integral numerators for the double-
pentagon diagram in Ref. [42], which we denote by B1 +
B5, does not yield a UT integral after the näıve upgrade.
This can be assessed from the explicit computation of the
differential equation.
The obstruction of the näıve upgrade implies that, in

order to obtain UT integrals, we have to consider terms
in the integrands which vanish as D = 4. These terms
can be conveniently constructed from Gram determinants
involving the loop momenta k1 and k2,

Gij = G

(
ki, p1, p2, p3, p4
kj , p1, p2, p3, p4

)

, with i, j ∈ {1, 2} . (4)

An integrand whose numerator is proportional to a com-
bination of the different Gij explicitly vanishes in the
D → 4 limit. UT integral criteria based on 4d cuts or 4d
d log constructions can not detect these Gram determi-
nants, and may yield inaccurate answers on whether an

many different letters, but integration in terms of polylogarithms possible

Gehrmann, Henn, Presti 18
Chicherin, Gehrmann, Henn, Wasser, Zhang, Zoia 18
Chicherin, Sotnikov 20

Letter v notation momentum notation cylic

W1 v1 2p1 · p2 + cyclic (4)

W6 v3 + v4 2p4 · (p3 + p5) + cyclic (4)

W11 v1 � v4 2p3 · (p4 + p5) + cyclic (4)

W16 v4 � v1 � v2 2p1 · p3 + cyclic (4)

W21 v3 + v4 � v1 � v2 2p3 · (p1 + p4) + cyclic (4)

W26
v1v2�v2v3+v3v4�v1v5�v4v5�

p
�

v1v2�v2v3+v3v4�v1v5�v4v5+
p
�

tr[(1��5)/p4/p5/p1/p2]

tr[(1+�5)/p4/p5/p1/p2]
+ cyclic (4)

W31

p
� tr[�5/p

1
/p
2
/p
3
/p
4
]

Table 2. Interpretation of pentagon alphabet in terms of particle momenta.

4.2 Properties of the pentagon alphabet

The iterated integrals that can appear in our case are characterized by the alphabet AP.

We wrote the alphabet in terms of the Mandelstam invariants si,i+1. As we will see, it

is instructive to rewrite it in terms of di↵erent variables. This will allow us to see an

underlying simplicity of this alphabet. Let us discuss the di↵erent types of letters, and

reveal their simple dependence on the external momenta pi. This will give us insights into

simple parametrizations of the alphabet, and into the singularity structure of the associated

functions.

The first 25 letters W1 to W25 (out of which 20 belong to AP ) are simple scalar

products of the loop momenta. Their interpretation is straightforward: these are possible

singularities of Feynman integrals. One could have discovered these, for example, by an

analysis of the Landau equations. Feynman integrals are multivalued functions, so it is

expected that they can have branch cuts. However, for planar integrals, only the first five

singularities correspond to branch cuts on the first sheet of the functions. All these letters

appear already in four-point integrals with one leg o↵-shell [19, 20], with the planar ones

shown in Fig. 4 (and cyclic permutations thereof).

Next, we have the odd lettersW26 , . . .W30, that are genuine to five-particle kinematics.

They appear already at one loop, in particular in the six-dimensional pentagon integral.

Remarkably, as pointed out in ref. [14], they can be written as ratios of traces with a very

simple dependence on the momenta, e.g.

W26 =
tr[(1� �5)/p

4
/p
5
/p
1
/p
2
]

tr[(1 + �5)/p
4
/p
5
/p
1
/p
2
]
. (4.19)

Note that writing the letters as ratios is a choice. Using the property of the logarithm

d log(↵�) = d log↵ + d log �, we could have equally well chosen their numerators as inde-

pendent letters. This is possible since, e.g.

tr[(1� �5)/p
4
/p
5
/p
1
/p
2
]tr[(1 + �5)/p

4
/p
5
/p
1
/p
2
] = 4 v1v4v5(v5 � v2 � v3) , (4.20)
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Planar integrals with one off-shell leg are also known [Canko, Papadopoulos, Syrrakos 20]

Figure 1. Diagrammatic representation of the planar and non-planar families with one external
massive leg (double line). In the first row, P1 (left), P2 (middle) and P3 (right) planar families are
shown. In the second and third row, N1 (top left), N2 (top middle), N3 (top right), N4 (bottom
left), N5 (bottom right) non-planar families are shown. All internal particles are massless.

Multi-loop Master Integrals have been studied for many years now. The most appropri-
ate method to obtain analytic expressions and accurate numerical estimates of multi-scale
multi-loop Feynman Integrals is the differential equations (DE) approach [25–29]. With the
introduction of the canonical form of the differential equations [30], a major step towards
the understanding of the mathematical structure of Feynman Integrals and subsequently of
the scattering amplitudes has been achieved. The complexity of two-loop Feynman Integrals
is determined by the number of internal massive propagators and the number of external
particles, i.e. the total number of independent "kinematical" scales involved. Feynman
Integrals with a relatively small number of scales satisfy canonical differential equations
and can be expressed in terms of multiple (or Goncharov) polylogarithms [31–33], a class
of functions that have been well understood by now. Moreover, in the last couple of years,
new mathematical structures [34–38] (elliptic polylogarithms) have been studied in order
to obtain analytic insight of more complicated Feynman Integrals. With a complete basis
of two-loop Master Integrals, it is hoped that an automation of NNLO calculations for
arbitrary scattering processes can be achieved in the near future.

Five-point two-loop Master Integrals determine the current frontier. The computation
of all planar and non-planar five-point two-loop Master Integrals with massless internal
propagators and on-shell light-like external momenta, has been recently completed [39–42].
The next step on this path of computing the five-point two-loop Master Integrals would be
those with one of the external legs being off-shell. The planar and non-planar topologies
corresponding to these Master Integrals are shown in Fig. 1. Based on the Simplified
Differential Equations (SDE) approach [43], we have computed and expressed in terms of
Goncharov poly-logarithms, all Master Integrals for the first non-trivial planar family of

– 2 –

Applications:
ɣɣɣ.  [Chawdhry, Czakon, Mitov, Poncelet]

[Kallweit, Sotnikov, Wieseman]
[Abreu, Page, Pascual, Sotnikov ]

ɣɣj [Agarwal, Buccioni, von Manteuffel, Tancredi]
[Chawdhry, Czakon, Mitov, Poncelet]
[Badger, Gehrmann, Marcoli, Mood]

jjj [Abreu, Cordero, Ita, Page, Sotnikov ]
Wɣj [Badger, Hartanto, Kryś, Zoia]
Wbb [Badger, Hartanto, Zoia]

[Hartanto, Poncelet, Popescu, Zoia]
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Representative example: NLO QCD corrections to Higgs + Jet production
sector involving elliptic integrals:

• Involves elliptic integrals
• Many square roots, cannot be rationalized simultaneously

(semi-)analytic result for planar integrals: [Bonciani, Del Duca, Frellesvig, Henn, Moriello, Smirnov 16]
• weight 2 contributions written in terms of Li2 for polylogarithmic sectors
• weight 3&4 and elliptic contributions via integration (over elliptic kernel)
→ analytic continuation & physics application not straightforward

First full calculations of NLO HJ production:  • Using HE expansion [Lindert, Kudashkin, Melnikov, Wever 18]
• Using sector decomposition [Jones, Luisoni, MK 18] 
• Using DiffExp [Frellesvig, Hidding, Maestri, Moriello, Salvatori 19;

Bonciani, Del Duca, Frellesvig, Hidding, Hirschi, Moriello, Salvatori, Somogyi, Tramontano 22] 

Nevertheless, lots of progress on elliptic integrals:
Abreu, Adams, Beccetti, Bezuglov, Bogner, Bourjaily, Broedel, Chaubey, Duhr, Dulat, Frellesvig, Laporta, Müller, 
Onishchenko, Ozcelik, Primo, Remiddi, Schweitzer, Tancredi, Veretin, Walden, Weinzierl

This process also contributes to H production at NNLO [Czakon, Harlander, Klappert, Niggetiedt 21] 

Analytic integration often not first choice for massive integrals
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Typical simplification in Higgs physics: 
Heavy Top Limit (HTL/HEFT)

d�NLO ⇡ d�HEFT
NLO =

d�NLO(mt ! 1)

d�LO(mt ! 1)
d�LO(mt)

Important improvement: Born-improved HTL:

Further improvement: 𝑚!-dependence in reals: FTapprox
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Figure 4: Comparison of the virtual part as defined in Eq. (2.44) with full top-quark

mass dependence to various orders in a 1/m2
t expansion. V 0

N denotes the Born-improved

HEFT result to order N in the 1/m2
t expansion, i.e. V 0

N = VN BFT /BN . The results

for the orders N = 4, 5, 6 have been provided to us by Jens Ho↵ [55].

panding the one-loop amplitude about the bare top mass

A
(1)
B (m2

t ) = A
(1)
B (m2

t0) � a�m2
t

✓
@

@m2
t

A
(1)
B (m2

t )

◆����
m2

t0

= A
(1)
B (m2

t0) � a�m2
t A

ct,(1)
B (m2

t0), (2.45)

where A
ct,(1) is the one-loop top quark mass counter-term.

On the real radiation side, we have verified the independence of the amplitude from the

phase space restriction parameter ↵. We have also varied the technical cut pmin
T in the

range 10�2
 pmin

T /
p

ŝ  10�6 to verify that the contribution to the total cross section

is stable and independent of the cut within the numerical accuracy.

Further, we have compared to the results of Ref. [52] for the Born-improved HEFT and

FTapprox approximations and found agreement within the numerical uncertainties [103].

– 19 –

Many integrals have been calculated as Series Expansions in various limits → simpler integrals

2.5 asymptotic expansions 25

2.5 asymptotic expansions

For multi-scale problems analytic expressions for amplitudes are of-
ten very hard to obtain at higher loop orders. In such cases it can
be helpful to restrict oneself to certain limits, where for example one
scale is larger than all the others. This can be systematically evaluated
using the method of asymptotic expansions [32, 33].

We will restrict the discussion to the case of a large mass.9 Suppose
we are interested in the behavior of a Feynman integral in the limit
where one internal mass M is larger than any other scale ⇤, i.e. we
seek for an expansion in ⇤2

M2 . The question is how one can reproduce
this series by an expansion before the integration in order to simplify
the calculation.

Since loop momenta can take arbitrary values, one generally cannot
just expand all the propagators in terms of the large mass. Instead,
the region where a loop momentum is smaller than or of the same
order of the large mass have to be distinguished. The expansion of
the propagators is then only performed with respect to quantities that
are small. This does not yield a disjoint separation of the integration
region but it can be shown that the remaining integrals combine to
scaleless tadpoles that vanish in DR.

The procedure how to find the contributions of the different cases
is most easily memorized graphically. Take a subgraph that contains
at least all the lines involving the large mass, Taylor-expand the cor-
responding integral assuming all external momenta of the subgraph
to be small, and insert the result into the remaining diagram, which
is called co-subgraph and obtained by shrinking the lines of the sub-
graph to a point. The sum over all pairs of subgraphs and co-sub-
graphs will reproduce the correct asymptotic behavior in the limit
where ⇤2

M2 is small.

t �! t ⇥

+ t ⇥

Figure 6: Asymptotic expansion of a double-box integral. The dotted lines
indicate that the corresponding external momentum is assumed to
be small in the expansion.

9For a detailed review see Ref. [34].

The expansion can be performed using expansion by regions [Beneke, Smirnov 98]
using the tool asy [Pak, Smirnov; Jantzen, Smirnov, Smirnov]
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• Next we apply the replacements4 m
2k

t
! m

2k

t
x
k and m

2k�1

t ! m
2k�1

t x
k for the odd

and even powers of mt. We insert the numerical value for mt and consider VN

fin
as

an expansion in x. In Ref. [9] terms up to order m16

t
were presented. Since then the

expansion has been extended to m
32

t
which implies that VN

fin
is available up to x

16.
The analytic results for the form factors can be obtained from [48].

• Next we construct Padé approximants of VN

fin
in the variable x which means that we

write Eq. (18) as a rational function of the form

V
N

fin
=

a0 + a1x+ . . .+ anx
n

1 + b1x+ . . .+ bmx
m

⌘ [n/m](x) , (19)

where ai and bi are determined by comparing the coe�cients of xk after expanding
the right-hand side of Eq. (19) in x.

As an alternative approach one can construct Padé approximations for V
N

fin
� V0,

which have a0 = 0 and di↵erent values for the remaining coe�cients. Both ap-
proaches lead to very similar final results, so in our analysis we concentrate on the
one outlined in Eq. (19).

• For N = 32, Padé approximations with n + m = 16 can be constructed. We
restrict our analysis to Padé approximants which are close to “diagonal” (where
n = m). We require |n�m| 2. Furthermore, we demand that expansions include
at least terms up to order m

30

t
. This leads to a list of five Padé approximants

Q = {[7/8], [8/7], [7/9], [8/8], [9/7]}.

• We aim for an approximation of Vfin in the two-dimensional
p
s–pT plane where for

each point a separate Padé approximant is constructed. Due to the structure of
the ansatz (Eq. (19)), the Padé approximants may develop poles in the complex x

plane. Poles close to x = 1 might lead to unphysical results. For this reason we
assign a weight to each Padé approximant, which depends on the distance of the
closest pole to x = 1, and use this information to construct for each pair (

p
s, pT ) a

central value and an estimate of the uncertainty. In detail, we proceed as follows

– For each phase-space point (
p
s, pT ) we compute for all Padé approximants in

Q (see above) the value at x = 1 and the distance of the closest pole which we
denote by ↵i and �i, respectively.

– We introduce a re-weighting function, which reduces the impact of values ↵i

from Padé approximations with poles close to x = 1. We define

!i =
�
2

iP
j
�
2

j

, (20)

and assign !i to each value ↵i.

4
log mt terms are not replaced.

8
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Figure 3: Vfin normalized to the central values provided in [42] as a function of pT . The
dark blue data points with error bars are obtained from [12,42]. The data points without
uncertainty bars are based on V

N

fin
, see legend and text for details.

As expected, good agreement is found for large values of pT (which implies large values of
p
s). Most of the data points lie within one sigma of the grid points [42]. One also observes

that some of the points are outside the one-sigma range, however, still agree within two
sigma. The interesting region of Fig. 3 is pT . 400 GeV. Here, the high-energy expansion
diverges rather quickly and the agreement with the grid points breaks down. The Padé-
improved results, however, follow the dark blue points until pT ⇡ 200 GeV. Some of the
Padé approximants reproduce the exact numerical result even down to pT ⇡ 150 GeV
with reasonable precision. This behaviour motivates a closer look into the comparison of
Padé-improved and numerical results for fixed values of pT .

We now fix pT and consider Vfin as a function of
p
s. For small values of pT and

p
s the

grid points are dense. However, for pT & 300 GeV and/or
p
s & 1000 GeV they become

quite sparse. Furthermore, if one wants to perform an analysis for fixed pT one can in
principle only use a few data points from the grid which makes a comparison di�cult.
On the web-page [42] an interpolation routine is provided which allows for an extension
of the grid points to the whole phase space. However, we find that in regions where
the grid is only sparsely populated this interpolation routine seems to provide unreliable
results. In order to separate interpolated points with solid support from nearby grid-

11

Example HH production: • HTL (𝑚! → ∞) [Grigo, Hoff, Melnikov, Steinhauser 13, 15; Degrassi, Giardino, Gröber 16]
• High Energy (𝑚! → 0) [Davies, Mishima, Steinhauser, Wellmann 18]

Expansion not valid for 𝑚!! ≥ 2𝑚"

The expansions can be improved using Padé ansatz:
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Padé Taylor
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Integrals typically depend on multiple scales

e.g. gg → ZH in HE region:

𝑚" , 𝑚# < 𝑚! ≪ 𝑠, 𝑡

Many more results using 𝑚!-expansions:

Davies, Mishima, Steinhauser 20; 
Chen, Davies, Heinrich, Jones, MK, Mishima, Schlenk, Steinhauser 22

expansion around small masses up to  𝑚"
$ , 𝑚#

$ , 𝑚!
%&

Series Expansions

HH: Grigo, Hoff, Steinhauser; Davies, Herren, Mishima, Steinhauser; Degrassi, Giardino, Gröber
HJ: Harlander, Neumann, Ozeren, Wiesemann; Neumann, Wiesemann; Kudashkin, Melnikov, Wever
ZZ: Davies, Mishima, Steinhauser, Wellmann; Gröber, Rauh
ZH: Hasselhuhn, Luthe, Steinhauser; Davies, Mishima, Steinhauser; Degrassi, Gröber, Vitti, Zhao 
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Series Expansions

4

ŝ/m
2

t û/m
2

t

V
0
fin

pySecDec O(m0) O(m2) O(m4)

1.707133657190554 �0.441203767016323 35.429092(6) 35.9823 35.5530 35.4478

3.876056604162662 �1.616287256345735 4339.045(1) 4319.37 4336.63 4338.73

4.130574250302561 �1.750372271104745 6912.361(3) 6870.47 6906.92 6911.64

4.130574250302561 �2.595461551488002 6981.09(2) 6979.28 6980.14 6980.85

134.5142052093564 �70.34125943305149 �153.9(4) �154.543 �154.458 �154.460

134.5142052093564 �105.1770655376327 527(4) 524.585 525.958 525.965

TABLE I. The finite part of the virtual corrections at six representative phase-space points. The column labelled pySecDec
contains results from [26], while those labelled O(mn) come from the small mass expansion. Note that the numbers correspond
to V

0
fin (see the text for explanation).

500 1000 1500 2000 2500
 (GeV)s

0.00

0.05

0.10

finV =50
T

p =200
T

p =400
T

p
=600

T
p =800

T
p

)0O(m )2O(m )4O(m

expansion:

order:

FIG. 1. Vfin as a function of
p
ŝ computed using the small-

mass expansion up to m
0 (blue marks), m2 (red marks), and

m
4 (black lines) for several representative values of pT .

overlap with each other completely, which demonstrates
the reliability of the expansion in the entire phase space.
We expect that the terms at O(m6) are irrelevant for
phenomenological applications.

We now combine the finite part of the virtual correc-
tions with the IR-subtracted real corrections, and present
our predictions for the total and di↵erential cross sec-
tions. We first consider the LHC with a center-of-mass
energy of

p
s = 13 TeV. We use the program package

vh@nnlo [8, 9] to calculate the contributions from the qq̄

channel (including QCD and EW corrections). This pro-
gram also gives the gg ! ZH contributions up to the
NLO in the heavy top limit, which we use as a reference
to compare our results with. The various results for three
values of µr = µf are listed in Table II. As expected, the
NLO corrections lead to significant enhancement (about
100%) to the gg ! ZH cross section. Combining our
results with the qq̄ contributions, we arrive at the state-
of-the-art fixed-order prediction for the pp ! ZH total
cross section at the 13 TeV LHC:

�pp!ZH = 882.9+3.5%
�2.5% fb . (7)

7−10

5−10

3−10

1−10

1

(fb
/G

eV
)

ZH
/d

M
σd

NLO 

LO 

ZH = M
def
µLHC 13 TeV, 

NNPDF31_nnlo_as_0118

500 1000 1500 2000 2500
(GeV)ZHM

0

1

2

3

Ra
tio

FIG. 2. The LO and NLO di↵erential cross sections in the
gg ! ZH channel with respect to the ZH invariant mass in
the range 200 GeV 6 MZH 6 2500 GeV at the 13 TeV LHC.
The lower panel shows the ratios to the LO central values.

In the last two columns of Table II, we show for compar-
ison the results in the heavy top limit given by vh@nnlo.
We find that the situation is quite di↵erent from the
Higgs boson pair production: the finite top mass e↵ects
are much milder, which reduces the NLO cross sections
in the gg channel only by about 4%. This accidental fact
makes it promising that by calculating the order ↵4

s
con-

tributions in the heavy top limit, one could reduce the
residue theoretical uncertainty of the total cross section
down to the percent-level.

We now turn to the di↵erential cross sections. It is
well-known that the heavy top limit is not valid above
the 2mt threshold. On the other hand, the small mass
expansion provides reliable results for di↵erential cross
sections in the entire phase space. As an example, we
show in Fig. 2 the LO and NLO di↵erential cross sec-
tions in the gg ! ZH channel with respect to the invari-
ant mass MZH of the Z boson and the Higgs boson at
the 13 TeV LHC. The upper plot employs a logarithmic

Different method using expansions: 

ZH production [Wang, Xu, Xu, Yang 21]

• Expand in masses of external particles
• Solve remaining integrals with full 𝑚! dependence

HH production [Xu, Yang 18]
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Figure 10: Finite part of the virtual corrections, Vfin, as a function of MHH for pT =
100 GeV. The light blue points are the reweighted HEFT results, the pink points
the virtual corrections in full top mass dependence from the interpolation function
provided with Ref. [89], the dark blue points are from the diagonal and o↵-diagonal
Padé approximants with their standard deviation and the turquoise points with
standard deviation are the Padé approximants constructed without the threshold
expansion.

is improved significantly with the inclusion of the threshold expansion. The error of
the Padé approximation increases with the invariant mass. Note that the full result
has, apart from the previous error from the internal binning, also an error due to
the interpolation procedure. We do not quantify this error but in comparison to
the HEFT grid provided with Ref. [89] we conclude that while in the range up to
MHH . 570 GeV this error is negligible, it will be a few % for larger MHH . The
comparison with the numerical results of [89] demonstrates that our prescription for
the uncertainty related to the construction of Padé approximants also provides a
reasonable error estimate at NLO.

23

Gröber, M
aier, Rauh

18 
4
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FIG. 2: Finite part of the virtual corrections as a function of
the invariant mass of the two Higgs system. The pink points
are extracted with the interpolation function from [50]. The
dotted light blue points correspond to reweighted HEFT [51].
The solid lines are the respective orders in our calculation.
We do not show O((p2T + m

2
h)

3) as the line lies perfectly on
top of the one of O((p2T +m

2
h)

2).

result stemming from the interpolation.

CONCLUSION

In this letter we have proposed a novel approach for the
analytical computation of the NLO virtual corrections to
Higgs pair production through gluon fusion. This me-
thod, based on a expansion for small p2T , allows us to
describe accurately the region ŝ . 750 GeV that until
now has been explored only numerically. In particular
we showed that a few terms in the expansion already
reproduce the full LO within 10�3, in the region of in-
terest. At NLO we find excellent agreement already at
O(p2

T
+m

2
h
) comparing to the full result of [30]. We re-

mark that this method is general and can be useful for
the analytic computation of radiative corrections to other
fundamental processes for the physics programme of the
LHC.
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Series Expansions
Further results based on expansions for HH production

2

variables1

ŝ = (p1 + p2)
2
, t̂ = (p1 + p3)

2
, û = (p2 + p3)

2
, (2)

via

F1 = F1(ŝ, û,m
2
t
,m

2
h
), F2 = F2(ŝ, û,m

2
t
,m

2
h
). (3)

We defined A
µ⌫

1 and A
µ⌫

2 as

A
µ⌫

1 = g
µ⌫

�
p
⌫
1 p

µ

2

(p1 · p2)
, (4)

A
µ⌫

2 = �g
µ⌫ +

m
2
h
p
⌫
1 p

µ

2

p2T (p1 · p2)

�2
(p3 · p2) p⌫1 p

µ

3 + (p3 · p1) p⌫3 p
µ

2 � (p1 · p2) p
µ

3 p
⌫
3

p2T (p1 · p2)
,(5)

with pT the transverse momentum of the Higgs particle,
that can be expressed in terms of the Mandelstam vari-
ables as

p
2
T =

t̂û�m
4
h

ŝ
. (6)

The Born cross section, then, is

�
(0)(ŝ) =

Gµ↵
2
s
(µR)

512(2⇡)3

Z
t̂+

t̂�

dt̂
�
|TFF1|

2 + |TFF2|
2
�
, (7)

with t̂± = �ŝ/2(1 � 2m2
h
/ŝ ⌥

p
1� 4m2

h
/ŝ). For our

purpose, it is particularly convenient to introduce the
prime Mandelstam variables:

s
0 = p1 · p2 =

ŝ

2
, t

0 = p1 · p3 =
t̂�m

2
h

2
,

u
0 = p2 · p3 =

û�m
2
h

2
, (8)

for which s
0 + t

0 + u
0 = 0. In these variables the Higgs

transverse momentum becomes

p
2
T = 2

t
0
u
0

s0
�m

2
h
. (9)

Our ultimate goal is to make an expansion for smallp
p2T +m

2
h
⇠ pT . Since the final result is symmetrical

in t
0
$ u

0, the latter can be achieved expanding2 for
t
0
⇠ 0, u0

⇠ �s
0. This is going to restrict F1 and F2 in

eq. (3) to a forward kinematic, namely to be function of
ŝ/m

2
t
only, reducing the computational di�culty from a

three scales problem to a single scale one. To perform
the expansion we need to express the momenta in terms
of the parallel and transverse components w.r.t the beam

1 All momenta are assumed incoming.
2 Expanding only in t

0 ⇠ 0 would not be correct if the final result
were not symmetrical in t

0 $ u
0

axis. For this purpose we define the combination of mo-
menta

r = p1 + p3 and r̄ = p2 + p3. (10)

It is easy to show that

r
2 = t̂, r̄

2 = û,

p1 · r = �p2 · r = t
0
,

p2 · r̄ = �p1 · r̄ = u
0
, (11)

and that

r
µ = t

0

s0 (�p
µ

1 + p
µ

2 ) + r
µ

?

r̄
µ = u

0

s0 ( p
µ

1 � p
µ

2 ) + r̄
µ

?, (12)

where r
µ

? = r̄
µ

? is perpendicular to p1 and p2 and, as
expected,

r
2
? = m

2
h
+ 2t0 + 2

t
02

s0
= �p

2
T . (13)

Finally, in this reparametrization, Aµ

1,2 assume particu-
larly simple forms:

A
µ⌫

1 = g
µ⌫

�
p
⌫
1 p

µ

2

s0
, A

µ⌫

2 = A
µ⌫

1 + 2
r
µ

?r
⌫

?
p2T

. (14)

EXPANSION

From eq. (6), assuming real valued t̂ and û, we obtain
the condition

p
2
T +m

2
h


ŝ

4
, (15)

that allows us to expand for p2T/s
0
⌧ 1 and m

2
h
/s

0
⌧ 1.

Although our program is clear, it is hindered by the
fact that pT does not appear directly at the amplitude
level. However it is possible to show that an expansion
for r

µ
⇠ 0µ is equivalent to an expansion in p

2
T ⇠ 0.

Using eqs. (12) and (13), and noticing that r? is purely
space-like, we can exchange the expansion in p

2
T ⇠ 0 with

an expansion in r
µ
⇠ 0µ or, equivalently, pµ3 ⇠ �p

µ

1 .
This observation is one of the main results of this letter,

and it allows us to proceed. We can then rewrite the form
factors in eq. (1) as

F1,2 = F1,2

����
p3=�p1

+ r
µ
@F1,2

@p
µ

3

����
p3=�p1

+
1

2
r
µ
r
⌫
@
2
F1,2

@p
µ

3@p
⌫
3

����
p3=�p1

+ . . . (16)

Although eq.(15) is always valid, the expansion pro-
posed in (16) requires an hierarchy between r

2 and m
2
t
.

We are going to estimate the range of validity of the small

Expand in 
Combine large mass expansion
with Padé ansatz and threshold logarithms 

Works well for 𝑝' ≲ 300 GeV Works well below and at top-quark pair threshold

ZH production: combination of HE and 𝑝' expansion [Bellafronte, Degrassi, Giardino, Gröber, Vitti]



Numerical evaluation of loop integrals with pySecDec
[Borowka, Heinrich, Jahn, Jones, MK, Langer, Magerya, Olsson, Põldaru, Schlenk, Villa]

• Sector decomposition  [Binoth, Heinrich 00]
factorizes overlapping singularities

• Subtraction of poles & expansion in 𝞮
• Contour deformation [Soper 00; Binoth et.al. 05,

Nagy, Soper 06; Borowka et al. 12]

à Finite integrals at each order in 𝞮
à Numerical integration possible
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Sector Decomposition

• sector decomposition
Binoth, Heinrich 00

y

x

−→ + −→(2)

(1)

+

y

x

t

t

Figure 1: Sector decomposition schematically.

+

∫ 1

0
dy y−1−(a+b)ε

∫ 1

0
dt t−1−aε

(

1 + (1 − y) t
)−1

. (2)

We observe that the singularities are now factorised such that they can be read off
from the powers of simple monomials in the integration variables, while the polynomial
denominator goes to a constant if the integration variables approach zero. The same
concept will be applied to N -dimensional parameter integrals over polynomials raised
to some power, where the procedure in general has to be iterated to achieve complete
factorisation.

3 The algorithm for multi-loop integrals

3.1 Feynman parameter integrals

A general Feynman graph Gµ1...µR

l1...lR
in D dimensions at L loops with N propagators

and R loop momenta in the numerator, where the propagators can have arbitrary, not
necessarily integer powers νj , has the following representation in momentum space:

Gµ1...µR

l1...lR
=

∫ L
∏

l=1

dDκl
kµ1

l1
. . . kµR

lR
N∏

j=1
P

νj

j ({k}, {p}, m2
j)

dDκl =
µ4−D

iπ
D
2

dDkl , Pj({k}, {p}, m2
j) = (q2

j − m2
j + iδ) , (3)

where the qj are linear combinations of external momenta pi and loop momenta kl.
Introducing Feynman parameters according to

1
∏N

j=1 P
νj

j

=
Γ(Nν)

∏N
j=1 Γ(νj)

∫ ∞
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N
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νj , leads to
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overlapping singularities

singularities factorized

• subtraction of poles
Z 1

0
dxx�1�"g(x, ") = �1

"
g(0, ") +

Z 1

0
dxx�1�" (g(x, ")� g(0, "))

• expansion in ɛ

→ finite integrals for each order in ɛ → numeric integration possible

→ finite

Sector Decomposition
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New in version 1.5:
- expansion by regions
- evaluation of linear combinations of integrals, 

with automated optimization of sampling points
per sector, minimizing

- automated reduction of contour-def. parameter
- automatically adjusts FORM settings

pySecDec integral libraries can be directly linked to amplitude code

Available at
github.com/gudrunhe/secdec

http://github.com/gudrunhe/secdec
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Fig. 1. (Left panel) A d = 2 dimensional R1SL with n = 55 points, generating
vector z = (1, 34) and random shift �0. (Right panel) A R1SL produced with three
additional random shifts, as used to estimate the mean-square error.

The rank of the rule denotes the minimal number of generating vectors re-
quired to generate the lattice rule. In this work we will consider only rank-1
lattices i.e. those generated by a single generating vector. The estimate of the
integral depends on the number of lattice points n and the number of random
shifts m. The shift vectors �k 2 [0, 1)d are d-dimensional vectors with compo-
nents consisting of independent, uniformly distributed random real numbers
in the interval [0, 1). The generating vector z 2 Zd is a fixed d-dimensional
vector of integers coprime to n. The curly brackets indicate that the fractional
part of each component is taken, such that all arguments of f remain in the
interval [0, 1).

A reliable estimate of the integral can be obtained even without random shifts
provided that the lattice is su�ciently large, however, the random shifts allow
the remaining error to be estimated. More precisely, an unbiased estimate of
the mean-square error can be obtained from the random shifts of the lattice
according to

�
2
n,m

[f ] ⌘ Var[Q̄n,m[f ]] ⇡
1

m(m� 1)

m�1X

k=0

(Q(k)
n
[f ]� Q̄n,m[f ])

2
. (3)

In typical applications only 10-20 random shifts are required to obtain a reli-
able estimate of the error.

In Figure 1 an example shifted lattice is shown. In the left panel a single
lattice is displayed, the zeroth point is shifted from the origin by the random
shift vector �0 and further points are generated by adding z/n and wrapping
back into the unit square as necessary, the lattice displayed contains a total of
n = 55 points. In the right panel three additional shifted lattices are displayed,
they are generated by shifting the original lattice and can be used to produce
an estimate of the integration error as described above.

4

pySecDec – Quasi-Monte Carlo
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28

Scaling

Monte Carlo scaling

Better than ``guaranteed” 
         scalingn�1
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Example:  
Sector Decomposed HJ Integral 
(Note: example stolen from previous calculation)

Limited by machine 
precision (double)

ggàHg

Limited by double precision arithmetic

Our preferred integration algorithm is a 
Quasi-Monte Carlo using rank-1 shifted lattice rule

I[f ] ⇡ Ik =
1

N
·

NX

i=1

f(xi,k), xi,k =

⇢
i · z
N

+�k

�
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fractional part (→ )

randomized shifts
→ different estimates of Integral
→ error estimate of result

generating vector
constructed component-by-component [Nuyens 07]
minimizing worst-case error 

{. . .} =

�k =
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x 2 [0; 1[

m

Review: Dick, Kuo, Sloan 13
First application to loop integrals:
Li, Wang, Yan, Zhao 15

Integrator available at github.com/mppmu/qmc
[Borowka, Heinrich, Jahn, Jones, MK, Schlenk]

→ integration error scales as            or better 
<latexit sha1_base64="lGb7VVjbvMLKZWLCuFNvTNJrTbY="></latexit>

O(n�1)

Processes calculated using (py-)SecDec with QMC:
HH [Borowka, Greiner, Heinrich, Jones, MK, Schlenk, Schubert, Zirke 16]
HJ  [Jones, MK, Luisoni 18]
AA [Chen, Heinrich, Jahn, Jones, MK, Schlenk, Yokoya 19]

ZH [Chen, Heinrich, Jones, MK, Klappert, Schlenk 20]
ZZ [Agarwal, Jones, Manteuffel 20]

http://github.com/mppmu/qmc
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Performance improvements by pySecDec version
Time to integrate 𝑚𝑊𝑚𝑍 𝑚𝑍 to 7 digits of precision with pySecDec + QMC:
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,PU (AMD Epyc 7302, 32 threads)

Speedup sources:

* v1.5: adaptive sampling, automatic contour deformation adjustment;

* dev: separation of real and complex variables in the integrand code;

* wip: simlification of the integrand code, vectorization on CPU (AVX2).
The latest release is fast; the next release will be faster.

Coming soon:

pySecDec v1.6
→ significant speed improvements



Auxiliary Mass Flow

18

Liu, Ma, Wang 17; Liu, Ma, Tao et.al. 20; Liu, Ma 22
Brønnum-Hansen, Wang 21

Idea:
Expand I around boundary in variable y = x≠1 = 0:

I =
Mÿ

j
‘j

Nÿ

k

ÿ

l
c jklyk lnl y + . . .

Evaluate and expand around regular points:

I =
Mÿ

j
‘j

Nÿ

k=0
c jkx Õk + . . .

Evaluate at the physical point. x = 0 Ω regular point
Path is fixed by singularities and desired precision. m2

t æ m2
t (1 + x)

Motivation Two-loop gg æ WW /ZZ with full mt dependence Conclusion

15/22 26th of April Christian Brønnum-Hansen: Top quark contribution to two-loop gg æ WW /ZZ TTP

gg æ VV : Master integral evaluation

Br
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m
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&
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22

• Solve DEQ in

• Start from boundary point
→ (massive vacuum graphs) x (massless graphs) 

• Transfer to x=0 using power-log expansions

<latexit sha1_base64="lRle+llYctyUNbDsO5urY6tudf8="></latexit>

x / �i⌘

diagrams

projection

IBP reduction

MI evaluation

helicity amplitudes

Based on the auxiliary mass flow method Liu, Ma, and Wang 2018; Liu, Ma, Tao, et al. 2020; Liu and Ma 2022

I Ã lim
÷æ0+

⁄ 2Ÿ

i=1
ddki

9Ÿ

a=1

1
[q2

a ≠ (m2
a ≠ i÷)]‹a

Add an imaginary part to the top quark mass

m2
t æ m2

t ≠ i÷.

Solve differential equations w.r.t the mass

ˆx I = MI, x Ã ≠i÷

with boundary condition at x æ ≠iŒ. Physical mass at x æ 0.

Motivation Two-loop gg æ WW /ZZ with full mt dependence Conclusion

12/22 26th of April Christian Brønnum-Hansen: Top quark contribution to two-loop gg æ WW /ZZ TTP

gg æ VV : Master integral evaluation
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x = �i1

Expand I around boundary in variable y = x≠1 = 0:

I =
Mÿ

j
‘j

Nÿ

k

ÿ

l
c jklyk lnl y + . . .

Evaluate and expand around regular points:

I =
Mÿ

j
‘j

Nÿ

k=0
c jkx Õk + . . .

Evaluate at the physical point. x = 0 Ω regular point
Path is fixed by singularities and desired precision. m2

t æ m2
t (1 + x)

Motivation Two-loop gg æ WW /ZZ with full mt dependence Conclusion

15/22 26th of April Christian Brønnum-Hansen: Top quark contribution to two-loop gg æ WW /ZZ TTP

gg æ VV : Master integral evaluation

gg → ZZ, LLLL, CF part: 

can achieve 15-20 digits precision in ∼1h CPU time

gg æ WW gg æ ZZ
LLLL LRLL LLLL LRLL

CA

CF

2 Re
#

F (2)A(1)ı
$

|A(1)|2 as a function of — =
Ò

1 ≠ 4m2
V /s and scattering angle cos ◊

Motivation Two-loop gg æ WW /ZZ with full mt dependence Conclusion

20/22 26th of April Christian Brønnum-Hansen: Top quark contribution to two-loop gg æ WW /ZZ TTP

Full amplitudes evaluated using this method:
gg → WW, gg → ZZ [Brønnum-Hansen, Wang 21]

Public Implementation: AMFlow [Liu, Ma 22]
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Figure 5: The contributions from all the vertex and box Feynman diagrams to the

O(↵↵s) correction to the finite hard function, in two di↵erent invariant mass ranges, as a

function of
p
s and cos ✓.

in the physical region is faster, with an average time of ⇠ 5 minutes per point. Once this

first grid is ready, the evaluation of the corresponding grid for the H
(1,1) function requires

⇠ 3 minutes per point. Once the H
(1,1) grid is ready, its interpolation in any simulation

code requires a negligible time.

We use the following parameters:

MZ 91.1535 GeV �Z 2.4943 GeV

MW 80.358 GeV �W 2.084 GeV

mH 125.09 GeV mt 173.07 GeV

The values of the gauge boson masses and decay widths are compatible with those reported

in the PDG [136], extracted in a running-width fitting scheme. The choice of the complex

mass scheme to define the masses of the unstable W and Z bosons implies that all the

functions which depend on these parameters become functions of complex variables. We

have exploited the rescaling properties of the GHPLs to set their argument equal to one,

adjusting all the other weights, which become in general complex9. For the numerical

evaluation of all the GHPLs appearing in the final expressions, we use GiNaC and handyG

[138] in two independent C++ and Mathematica codes to evaluate each phase-space point.

We also use HarmonicSums [139, 140], PolyLogTools [141] and LoopTools [142] for several

cross-checks of the one- and two-loop integrals available in closed analytic form, with real

and complex masses. For the numerical evaluation of the 5 MIs of eq. (5.3), we use the

semi-analytical approach described in Section 5.2.

We present in Figure 5 the numerical grid expressing the UV-renormalised IR-subtracted

two-loop O(↵↵s) virtual correction due to the two-loop vertex and box diagrams (Figure

9
Cfr. also ref. [137]
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Series Expansion Along Path – DiffExp & SeaSyde

19

Pbelow Pregular Pmid Psingular Pabove

2 3 4 5 6
s

-2.0

-1.5

-1.0

-0.5

t

Expansion 1

Expansion 2

Analytical Continuation

Threshold

Figure 3: The interval along which we plot the basis B, is covered by three expansions
obtained by patching and analytical continuation.

In this section we provide a numerical analysis of our solution. We use p
2
4 = 13/25 ⇡

(125/172)2, which is a good approximation to the physical value of the Higgs mass, assuming
a unit mass for the top quark. However, the suitability and accuracy of the method is not
related in any way to the numerical values of the kinematical points chosen. We could just
as well have chosen values of p24, which are related to the ratio of the Higgs mass to the
charm or b-quark mass, or to anything else.

We solve the basis integrals along a contour crossing a particle production threshold, in
particular we chose a path from the kinematic point Pbelow = (s = 2, t = �1, p24 = 13/25)

to the kinematic point Pabove = (s = 6, t = �1, p24 = 13/25). Our starting point is the
heavy mass limit 0 = (0, 0, 0) where we can use the results of Section 5. We perform an
expansion along a straight path �1 from 0 to the point Pregular = (2.5,�1, 13/25), which
does not cross any singularity. However, by inspection of the differential equation matrices
we see that they possess a singularity in t = �

52
495 , which spoils the convergence of the

expansion in 0. To obtain a better precision we then patch ten expansions on the line from
0 to Pregular, by making sure that we never evaluate series at more than half the distance
from the closest singularity (either physical or spurious).

We now have high precision values at Pregular that allows us to start expanding from
here. Therefore we write an expansion along a path �2 joining Pregular and Psingular =

(4,�1, 13/25) which is a singular point since it lies on the threshold s = 4m2. Thus, we
use this expansion only up to the midpoint Pmid = (3,�1, 13/25) (Expansion 1). To go
beyond this point, we perform an expansion (Expansion 2) from Psingular to Pmid using the
values obtained there to fix the constants of integration. Finally, we perform an analytic
continuation of the second expansion to obtain an expression valid above threshold up to
Pabove. The analytic continuation is straightforward since, when considering a series along
a contour such that only one of the external scales varies (s in our case), only terms of
the form log (s� 4m2) and

p
s� 4m2 have to be analytically continued. The situation is

depicted in Figure 3. The expansion is carried up to order ✏4 and the series are truncated at
order t

50. In Figure 4 the integrals B
(4)
72�73 are plotted together with some values obtained

with standard numerical software. The remaining plots can be found in Appendix E.
To measure the numerical error of our method we can compare values obtained patching
different contours. For example, we compared the values at Pmid obtained expanding from
0 to Pregular and then from Pregular to Pmid with those obtained expanding directly from 0 to

– 17 –

General Idea: Solve DEQs along path

DiffExp [Hidding 20]

Provided that a set of differential equations with respect to a complete set of kinematic
invariants is available, we can define the differential equations along a contour �(t) connect-
ing two fixed points ~a = {a1, . . . , am}, ~b = {b1, . . . , bm}. This is achieved by parametrising
the contour with a parameter t:

�(t) : t 7! {x1(t), . . . , xm(t)}, ~x(ta) = ~a, ~x(tb) = ~b, (3.1)

and by considering the differential equations with respect to t:
@

@t

~f(t, ✏) = At(t, ✏)~f(t, ✏), (3.2)

where the new differential equations matrix can be readily obtained by using the chain rule,

At(t, ✏) =
mX

i=1

Axi(t, ✏)
@xi(t)

@t
. (3.3)

It is known that a set of master integrals, at a given order of the dimensional regulator,
admit a solution in the vicinity of a singular point ⌧ of the form (see e.g. [77])

~f
(i)
sing(t) =

X

j12Si

1X

j2=0

NiX

j3=0

~c
(i,j1,j2,j3)(t� ⌧)wj1+j2 log (t� ⌧)j3 , (3.4)

where ~c
(i,j1,j2,j3) are vectors of dimension n (the number of master integrals), Si is a finite

set of integers, wk is a complex constant (typically a rational number that accounts for
the algebraic dependence of the matrix elements), and Ni is the maximal power of the
logarithms at order ✏i. On the other hand, in the vicinity of a regular point ⌧ , the integrals
admit a standard Taylor series representation

~f
(i)
reg(t) =

1X

j=0

~c
(i,j)(t� ⌧)j . (3.5)

More simply, each Feynman integral, in the vicinity of a singular point ⌧ , is expressed as a
finite combination of terms of the form

(t� ⌧)w log(t� ⌧)k⇢(t), w 2 Q, k 2 N, (3.6)

where ⇢(t) is a Taylor series. On the other hand, in the vicinity of a regular point, Feynman
integrals admit a Taylor series representation.

In the remainder of this section we show how the series solutions (3.4) and (3.5) can be
found by series expanding the differential equations matrices, and by iteratively integrating
them until the desired order of ✏.

We know that, for many phenomenologically relevant processes, most integrals admit
a polylogarithmic canonical basis. In the next subsection we discuss how we find a power
series solution of a canonical set of differential equations. This form of the equations is
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Figure 3: The two possible approaches in the definition of the path: the one requiring a logarithmic expansion (left) and
the one only relying on the Taylor expansion (right).

of steps required to reach the point of interest. Furthermore, the presence of the branch-cut,
starting from the singularity we are expanding upon, is automatically taken into account by the
explicit logarithms appearing in the series. On the other hand, in the current implementation of
SeaSyde, the expansion on a singular point requires a longer evaluation time with respect to the
ordinary Taylor expansion on a regular point of the complex plane. An optimised choice between
the two di↵erent approaches thus requires to carefully balance these two e↵ects. In the physical
applications we have dealt with while testing the code, we have observed how the presence of
multiple singularities close to each other does not allow for a significant improvement of the
convergence radius while using the logarithmic expansion. This fact has led us to prefer, for our
final implementation, the more regular behaviour of the ordinary Taylor expansion.

With this choice, the algorithm to determine the path is straightforwardly implemented. Since
all the branch-cuts are parallel to each other and in the same direction, it is always possible to
connect two arbitrary points on the complex plane with a path that goes around to the right of the
rightmost singularity that lays between them, as it is shown in the right panel of Figure 3.

There is only one edge case that we need to discuss in more detail, that is the one in which the
starting and ending point lay down on the same branch-cut, which is usually the real axis. In this
case, indeed, there is an ambiguity, since it is not clear where the points are located with respect to
the cut. This ambiguity can be discussed and solved in the light of the Feynman prescription for
the particle propagators, which enforces the causality requirement of the theory. If we consider,
for the sake of simplicity, the propagator ⇧(s) = i/(s �m

2 + i�) of a massive scalar field, despite
the kinematic invariant s and the mass m being real, the Feynman prescription shifts the first
one to s + i�, i.e. in the upper half of the complex-s plane. Having a prescription which pushes
the solution of the di↵erential equation in one specific half of the complex-z plane, removes any
ambiguity associated with the evaluation of the function on the branching cut and allows us to
uniquely determine the solution for any given BCs. From a practical point of view, we might
encounter two di↵erent scenarios: without or with poles between the start and the end points.
In the first one the choice of the path is trivial and we can move directly from one point to the
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• transform 1 variable at a time
• choose path avoiding branch cuts
• also works with complex masses

• works for real parameters
• arbitrary path
• specify 𝑖𝛿-prescription for each physical singularity,

cross threshold by expanding in singular points 
e. g.  

𝑓 �⃗� known

Physics application:

2L mixed QCD-EW corrections
to NC DY

(a)

(b)

Figure 3: These figures illustrate subdivisions of an expansion in the unit interval [-1,1] with
singularities at �1, 0 and 1, in terms of additional expansions, such that each expansion can be
matched to the next one at a fixed fraction of the distance to its nearest singularities. The numbers
on top are the matching points between neighbouring expansions, while the numbers at the bottom
indicate the expansions points for (a) k = 2: Moving at most half the distance to the nearest
singularity, (b) k = 3: Moving at most one-third the distance to the nearest singularity.

we should make sure to assign the same imaginary part to the square roots in our basis that
are associated with physical singularities. Specifically, some of our basis integrals have the
prefactors

p
4m2 � p

2
4 and

p
4m2 � s, which are analytically continued as

p
4m2 � p

2
4 � i�

and
p
4m2 � s� i� for an infinitesimally small � > 0. Lastly, there are also non-physical

singularities, which can arise from rational prefactors in the basis, or from square roots
in the basis that do not correspond to physical singularities. Since these singularities are
introduced by the basis choice, we are free to assign every non-physical root in the basis
the standard branch, i.e. we consider the argument to carry the imaginary part +i�.

To improve the convergence of our series solutions, we compute their diagonal Padé
approximants and evaluate those instead at each (matching) point. Since we are dealing
with generalized series that may in general include powers of logarithms, we collect first on
powers of logarithms and compute the Padé approximant for each series that multiplies a
given power.

5 Results for top and bottom quarks

In this section we present explicit results that were obtained using the expansion method
described in the previous section. Specifically, we used our method to compute the integrals
in 10000 points covering the physical region given below, for both the top- and bottom-
quark corrections, and we present plots thereof. We compute the integrals in the physical
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Iterative Application of Feynman’s trick
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Table 1: We iterate Feynman’s trick seven times to reduce the non-planar double pentagon topology
to a trivial form. Each step κ combines two propagators in the input column. The new combined
propagator is given in the output column. The number of master integrals of the integral family with
the combined propagator(s) is given in the last column. A large reduction of master integrals is seen
for each iteration.

κ input output Number of master integrals

0 - uncombined 142

1 {D1, D2} D12 = D1x1 + (1 − x1)D2 69

2 {D4, D5} D45 = D4x2 + (1 − x2)D5 32

3 {D7, D8} D78 = D7x3 + (1 − x3)D8 16

4 {D12, D3} D123 = D12x4 + (1 − x4)D3 8

5 {D45, D6} D456 = D45x5 + (1 − x5)D6 4

6 {D123, D456} D123456 = D123x6 + (1 − x6)D456 2

7 {D123456, D78} D12345678 = D123456x7 + (1− x7)D78 1

more systematic analysis for how to choose the precision of the evaluations, the values for εi, and the
number of samples, is described in [18].

Our computation required seven iterations, where we repeatedly combine two propagators. We
provide the order in which the propagators are combined in Table 1. The ancillary file 5-point-

FT-iteration.wl contains the definitions of the topologies with combined propagators. There exists
a diagrammatic representation for the integral families in steps κ = 0, . . . , 5, which are depicted in
figures 2, 3, 4, 5, 6, 7. In step κ = 5, we have a generalized sunrise family, which is computed with
two further iterations where the topologies do not have a diagrammatic representation anymore. The
integral family I5p,(κ=7)

ν in step κ = 7 can be loosely viewed as a generalized tadpole with a single
master integral, which evaluates to a combination of (rescaled) Symanzik polynomials and gamma
functions (cf. (11)). We obtain the first boundary conditions by setting all external scales and
Feynman parameters to numerical values. In particular, we consider the point s14 = 3, s13 = −11/17,
s23 = −13/17, s12 = −7/17, s34 = −7/13, s55 = −1, and we set all Feynman parameters to the value
xj = 11/23. We then use DiffExp to transport in x7, and to obtain a generalized series representation
in the interval 0 < x7 < 1. By integrating the series representation in accordance with Feynman’s trick
(1), we obtain boundary conditions for the integral family in step κ = 6. We repeat the procedure of
transporting and integrating, until we reach the last Feynman parameter integration in step κ = 1.

After performing the last integration, we obtain numerical results for all master integrals of the
original family (κ = 0) defined in (24). These results may also be used as boundary conditions for
the differential equations of the original integral family, which allows one to reach other points in
phase space without going through the iteration again. We remark that we did not cross any physical
thresholds for the first transports in the Feynman parameters x7, . . . , x4. This can be motivated by
the fact that the second Symanzik polynomial, obtained from the generalized tadpole in step κ = 7,
is positive in our kinematic point with xi = 11/23 for i = 1, 2, 3, and with 0 < xj < 1 for j = 4, . . . , 7.
For the transports of x3 and x1 we found that we have to cross physical thresholds, while for the
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where d = 4− 2ε, and where the propagators are

D1 = (k2 − p1 − p2 − p3 − p4)
2 , D5 = (k1 − p1)

2 , D9 = (k2 − p1 − p2)
2 ,

D2 = (k2 − p1 − p2 − p3)
2 , D6 = k21 , D10 = (k1 − p1 − p2 − p3 − p4)

2 ,

D3 = k22 , D7 = (k1 − k2 + p3)
2 , D11 = (k2 − p1)

2 ,

D4 = (k1 − p1 − p2)
2 , D8 = (k1 − k2)

2 . (25)

We assume that D9, D10 and D11 are numerators (ν9, ν10, ν11 ≤ 0). The kinematics is given by:

p21 = p22 = p23 = p24 = 0 , p1 · p2 = s12/2 , p1 · p3 = s13/2 , p1 · p4 = s14/2 ,

p2 · p3 = s23/2 , p2 · p4 = −(s12 + s13 + s14 + s23 + s34 − s55)/2 , p3 · p4 = s34/2 , (26)

where the momenta are conserved according to p1 + p2 + p3 + p4 + p5 = 0. The family is depicted in
Figure 2.

p1

p2

p3

p4

p5

s55

Figure 2: A double pentagon topology named 5p which in this paper is dressed with one massive
external leg.

4.1 Non-planar double pentagon family

In the following section we describe the application of our method to the non-planar double pentagon
family I5p

!ν , with a focus on the computational aspects of the calculation. We obtained our results using
the ε-sampling strategy, which we borrowed from [18]. More specifically, we considered a set of small
numerical values {εi} inserted for the dimensional regulator ε, and we performed the computation
every time for a fixed εi. At the end, we reconstructed our results as a power series in ε up to order
ε4.

We aimed to reach a precision of 40 digits for the finite part of all master integrals of the uncom-
bined integral topology defined in (24). To do so, we proceeded with some small trial and error. We
found it sufficient to choose numerical values

εi = (−1)i/(50 + i) where i = 1, . . . , 40 , (27)

and to perform the evaluation of all integrals at a precision of 60 digits. Our samples εi are relatively
large in magnitude, because DiffExp can currently not handle very small samples. Note that when
reconstructing the dependence on ε up to a given order, there is a precision loss involved. We recon-
structed our results a few times by leaving out a sample from the full set. By comparing the different
results, we found a variation that was within the desired precision of 40 digits for the finite part. A
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Feynman’s trick

can be used to combine pairs of propagators into one propagator with generalized kinematics.
This procedure can be applied iteratively:

The graph polynomial U is of degree l in the Feynman parameters xi, and F is of degree l+1. These are
also called the first and second Symanzik polynomials. The Symanzik polynomials can be constructed
from the graph G of the Feynman integral. It holds that

U =
∑

T∈T (G)

∏

ei /∈T

xi , F0 =
∑

(T1,T2)∈T2(G)





∏

ei /∈(T1∪T2)

xi



 s(T1,T2),

F = −F0 + U
(

∑

xim
2
i

)

− iδ . (6)

The sum goes over the spanning trees T (G) of G, and the spanning 2-forests T2(G) of G. We have
added a −iδ to F , which takes care of the Feynman prescription.

More generally, we may wish to consider Feynman integrals with generalized propagators, which
are quadratic functions in the internal and external momenta. In this case a graph representation
may not exist for the Feynman integral, but the Symanzik polynomials can still be defined through
determinants. We refer the reader to [27, 36] for explicit formulas.

2.2 Iterating Feynman’s trick

Let us derive an alternative form of the Feynman parametrization by repeatedly applying (4) to
combine two propagators. For example, we may choose to combine every time the leftmost two
propagators, which we will do next. More generally, we may choose to combine propagators in some
other sequence, which we will do for our examples. Let us consider the following set of generalized
propagators

D12 = x1D1 + (1− x1)D2 ,

D123 = x2D12 + (1− x2)D3 ,

. . .

D1...n = xn−1D1...(n−1) + (1− xn−1)Dn . (7)

Next, we define a set of integral families I(κ)"ν , such that for κ = 0 we have the original family, and
for each successive step κ we combine two propagators. Like before, we will assume in the following
that all propagator exponents are positive, and we leave out the numerator factors which are needed
to obtain a basis for IBP reductions. We define the integral families by

I(κ)ν1,...,νn−κ
=

∫





l
∏

j=1

ddkj

iπ
d
2



D−ν1
1...(κ+1)

n
∏

j=κ+2

D
−νj−κ

j for 0 ≤ κ < n− 2,

I(n−1)
ν =

∫





l
∏

j=1

ddkj

iπ
d
2



D−ν
1...n . (8)

We have chosen our conventions such that the integrals I(κ)"ν depend on the (unintegrated) Feynman

parameters x1, . . . , xκ. We remark that an integral I(κ)"ν can be represented as a Feynman diagram if
we combine propagators with the same internal momentum [25]. For example, suppose that

D1 = −(k + p)2 +m2
1 , D2 = −(k + q)2 +m2

2 . (9)

Then we have

xD1 + (1− x)D2 = −(k + P )2 +M2 , (10)
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determinants. We refer the reader to [27, 36] for explicit formulas.

2.2 Iterating Feynman’s trick

Let us derive an alternative form of the Feynman parametrization by repeatedly applying (4) to
combine two propagators. For example, we may choose to combine every time the leftmost two
propagators, which we will do next. More generally, we may choose to combine propagators in some
other sequence, which we will do for our examples. Let us consider the following set of generalized
propagators

D12 = x1D1 + (1− x1)D2 ,

D123 = x2D12 + (1− x2)D3 ,

. . .

D1...n = xn−1D1...(n−1) + (1− xn−1)Dn . (7)

Next, we define a set of integral families I(κ)"ν , such that for κ = 0 we have the original family, and
for each successive step κ we combine two propagators. Like before, we will assume in the following
that all propagator exponents are positive, and we leave out the numerator factors which are needed
to obtain a basis for IBP reductions. We define the integral families by

I(κ)ν1,...,νn−κ
=

∫





l
∏

j=1

ddkj

iπ
d
2



D−ν1
1...(κ+1)

n
∏

j=κ+2

D
−νj−κ

j for 0 ≤ κ < n− 2,

I(n−1)
ν =

∫





l
∏

j=1

ddkj

iπ
d
2



D−ν
1...n . (8)

We have chosen our conventions such that the integrals I(κ)"ν depend on the (unintegrated) Feynman

parameters x1, . . . , xκ. We remark that an integral I(κ)"ν can be represented as a Feynman diagram if
we combine propagators with the same internal momentum [25]. For example, suppose that

D1 = −(k + p)2 +m2
1 , D2 = −(k + q)2 +m2

2 . (9)

Then we have

xD1 + (1− x)D2 = −(k + P )2 +M2 , (10)
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generalized tadpole:
• 𝑥#-dependence can be obtained using DiffExp
• using const 𝑠$% , 𝑥% as boundary
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Integration split into multiple, simpler 1-dimensional problems
→ computationally efficient
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The size of the expressions can become huge, with reduction tables of size O(1TB)
→ it can be beneficial to • fix mass ratios during reduction

• or perform numerical reduction for each phase-space point

Strategies to avoid Expression Swell:
• Finite-field methods

• FiniteFlow [Peraro]
• Firefly [J. Klappert, Klein, Lange]
New tool for faster evaluation of numerical samples:
Ratracer [V. Magerya]

• Syzygy Equations
Gluza, Kajda, Kosower 10; Schabinger 11; Lee 14; 
Ita 15; Larsen, Zhang 15; Bitoun, Bogner, Klausen, Panzer 17; 
Manteuffel, Panzer, Schabinger 20; Agarwal, Jones, Manteuffel 20; 

• good basis of master integrals,
with d-dependence factorizing from kinematic dependence in 
denominators of reduction and possibly additional properties
Usovitsch 20; Smirnov, Smirnov 20; see also MK Radcor `19 proc.

• direct projection to physical amplitudes
typically simpler; avoid evanescent tensor structures
L. Chen 19; Peraro, Tancredi 19,20

Interesting new development:
Direct construction of reduction coefficients 
using Intersection Numbers
In contrast to Laporta’s algorithm, no need for full reduction tables

Mizera 17; Mastrolia Mizera 18; Frellesvig, Gasparotto, Laporta, 
Mandal, Mastrolia, Mattiazzi, Mizera 19,20; Abreu, Britto, Duhr, 
Gardi, Matthew 19; Weinzierl 20; Caron-Huot, Pokraka 21; 
Chen, Jiang, Ma, Xu, Yang 22; Chestnov, Gasparotto, Mandal, 
Mastrolia, Matsubara-Heo, Munch, Takayama 22
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and Q according to Section 3.1.414. Since the scale dependence on µt is a monotonously falling

function, we evaluated the di↵erential cross section for four choices of the top mass, mt, mt(mt),

mt(Q/4) and mt(Q), for each bin in Q.

For the three c.m. energies of 14, 27 and 100 TeV the di↵erential cross sections are presented

in Figs. 14, 15 as a function of Q = mHH for the various definitions of the top mass. The lower

panels exhibit the ratios of the di↵erential cross sections to the ones in terms of the top pole mass

(OS scheme). It is clearly visible that the scale and scheme dependence of the top mass induces
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p
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Figure 14: The di↵erential Higgs-pair production cross section at NLO as a function of the invariant Higgs-pair
mass for a c.m. energy of 14 TeV for four di↵erent choices of the scheme and scale of the top mass. The lower
panel shows the ratio of all results to the default results with the top pole mass (OS scheme). PDF4LHC PDFs
have been used and the renormalization and factorization scales of ↵s and the PDFs have been fixed at our
central scale choice µR = µF = Q/2.

sizeable variations of the NLO Higgs-pair production cross section and thus contributes to the

theoretical uncertainties. For small Q values, the size pattern of the di↵erential cross section

due to the di↵erent scale and scheme choices is varying. For large values of Q, the maximum is

always given by the on-shell scheme and the minimum in terms of the MS-top mass mt(Q) with

14We do not separate the treatment of the top-Yukawa couplings and the propagator-top mass, since both
are linked by the sum rule emerging from the electroweak SU(2)⇥ U(1) symmetry, yt �

p
2mt/v = 0, which is

needed for the cancellation of divergences in electroweak corrections.

– 31 –

7

choice of mt = 172.5 GeV for the top pole mass to an MS
mass of mt(mt) = 163.02 GeV. The renormalisation of the
top mass has been adjusted accordingly. Taking the maxi-
mum and minimum of the differential cross section in Q

2

at four different values of Q
2 for a variation of the MS top

mass in the range between Q/4 and Q we obtain the follow-
ing variations of the Higgs-pair cross section,

ds(gg ! HH)

dQ

���
Q=300 GeV

= 0.0312(5)+9%
�23% fb/GeV,

ds(gg ! HH)

dQ

���
Q=400 GeV

= 0.1609(4)+7%
�7% fb/GeV,

ds(gg ! HH)

dQ

���
Q=600 GeV

= 0.03204(9)+0%
�26% fb/GeV,

ds(gg ! HH)

dQ

���
Q=1200 GeV

= 0.000435(4)+0%
�30% fb/GeV,

(20)

using PDF4LHC parton densities. The top-quark scheme un-
certainty is significant over the whole range of mHH . The
prediction involving the top pole mass, that we take as our
central prediction, is the maximal prediction for high mHH

values. The uncertainties induced by the top-mass scheme
and scale choice on the total cross section at NLO will be
given in a forthcoming publication [50].

6 Conclusions

We have presented the calculation of the full NLO QCD
corrections to Higgs-boson pair production via gluon fu-
sion for the top-loop contributions. This has been performed
by numerical integrations of the involved virtual two-loop
corrections to the four-point functions, while the results of
the single-Higgs case have been translated to the three-point
contributions that involve the trilinear Higgs self-coupling.
The one-particle reducible contributions that appear for the
first time at NLO have been inferred from the explicit analyt-
ical one-loop results for H ! Zg , where the Z-boson mass
plays the role of the virtuality of the gluon in the dressed
Hgg

⇤ vertex. In order to isolate the ultraviolet, infrared and
collinear divergences, we have performed appropriate end-
point subtractions at the integrand level and described the
explicit construction of infrared subtraction terms that al-
low for a clean separation of the infrared singularities from
the regular rest. The real corrections have been obtained by
generating the full matrix elements with automatic tools. We
have constructed the infrared and collinear subtraction term
as the heavy-top limit of the real matrix elements involving
the fully massive LO sub-matrix element. Adding back the
full results in the heavy-top limit completed the full real cor-
rections. The final results we have obtained agree with pre-
vious calculations for the individual finite parts of the real
and virtual corrections. We find finite NLO mass effects that

are up to �30% for large invariant Higgs-pair masses, while
the total NLO top-mass effects modify the total cross section
by about �15%.

We have studied the theoretical uncertainties related to
variations of the renormalisation and factorisation scales and
have found agreement with the previously known results
finding uncertainties at the level of 10� 15%. A novel out-
come of our calculation is the additional uncertainty induced
by the scheme and scale dependence of the top mass that
can be significant, amounting to +9%/� 23% at mHH =
300 GeV and +0%/� 30% at mHH = 1200 GeV. The in-
duced uncertainty on the total cross section will be given in
a forthcoming publication [50].

In the future we plan to extend our calculation to beyond-
the-SM models as e.g. the 2HDM or MSSM.
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HH production [Baglio, Campanario, Glaus, Mühlleitner, Spira, Streicher 19,20]

Amplitude with massive internal particles depends on mass-renormalization scheme
→ additional uncertainty can be estimated by comparing OS and 𝑀𝑆 results

off-shell H production [see Jones, Spira in Les Houches `19
Mazzitelli 22] 
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Fig. IV.6: µt-scale dependence of the o�-shell Higgs production cross section via gluon fusion
for an invariant mass of Q = 600 GeV normalized to the cross section at the scale µt = Q/2.

with the numbers obtained for a c.m. energy of 14 TeV and using PDF4LHC15 NLO parton
densities with a NLO strong coupling normalized to –s(MZ) = 0.1185. At NLO the results for
the production cross section at di�erent values of Q are given by

‡(gg æ Hú)
---
Q=125 GeV

= 42.17+0.4%
≠0.5% pb, ‡(gg æ Hú)

---
Q=300 GeV

= 9.85+7.5%
≠0.3% pb

‡(gg æ Hú)
---
Q=400 GeV

= 9.43+0.1%
≠0.9% pb, ‡(gg æ Hú)

---
Q=600 GeV

= 1.97+0.0%
≠15.9% pb

‡(gg æ Hú)
---
Q=900 GeV

= 0.230+0.0%
≠22.3% pb, ‡(gg æ Hú)

---
Q=1200 GeV

= 0.0402+0.0%
≠26.0% pb

(IV.18)

These results indicate that the uncertainties related to the scheme and scale dependence of the
top-quark mass drop by roughly a factor of two from LO to NLO, but not more, i.e. about
one half of the parametric dependence is compensated by the logarithms involving the scale µt

and the scheme-transformation part of the NLO corrections. The reason for the sizable residual
scale and scheme dependence is the large size of the NLO corrections that will be compensated
further by the mass e�ects of the NNLO corrections. The latter are only approximately known
in terms of a large top-mass expansion at present which cannot be used for large values of
Q [381,382,995–998].

3.3 O�-shell H
ú æ ““

Uncertainties due to the scheme and scale choice of the top mass will also play a role for o�-shell
Higgs decays Hú

æ ““, since above the tt̄ threshold destructive interference e�ects between the
5Note that these choices are incompatible with a consistent LO prediction, but the relative uncertainties related

to the scheme and scale choice of the top mass will be hardly a�ected by this inconsistency.
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Figure 1: Ratio of the o↵-shell Higgs production cross section in the MS scheme to the corresponding
OS prediction, as a function of m⇤

H
. The ratio is computed at LO (gray), NLO (red) and NNLOSV

(blue), for a scale µ = m⇤
H

(left) and µ = m⇤
H
/2 (right). In the left panel the NLOSV prediction is

also shown (red-dotted line).

the ratio between any two scales to be not larger than 2. This procedure corresponds to the

customary 7-point variation in the OS scheme, while in the case of the MS predictions, where

one additional scale is present, it leads to a 15-point variation, as introduced in ref. [27] in the

context of top-quark pair production.

We are interested in studying the di↵erences between the OS and MS predictions. Therefore,

in figure 1 we present the ratio between the MS and OS results, �̄NiLO/�NiLO, as a function of

the invariant mass m
⇤
H
. For the sake of clarity, we do not include in this figure uncertainty

bands, but rather present results for fixed values of the renormalization and factorization scales.

The results in the left (right) panel correspond to µ
m

= µ
R
= µ

F
= µ with µ = m

⇤
H

(µ =

m
⇤
H
/2). Note that the same perturbative order and scale choice is used in the numerator and

denominator for the construction of each curve.

We first discuss about the validity of the soft-virtual approximation. To that end, we present

as well NLOSV predictions (red-dotted line in figure 1, left panel) which can be compared to the

results obtained with the full NLO corrections. As can be seen from figure 1, the NLOSV results

reproduce the full NLO curve with a very high accuracy, in particular much higher than the

size of the e↵ects we are aiming to gauge (that is, the di↵erence between MS and OS results).

The di↵erence between the NLO and NLOSV curves in figure 1 is below 1% for most of the

distribution, with a larger deviation found only around the peak that is however always below

3%. We therefore consider the NNLOSV results to be an excellent proxy for the full NNLO

prediction in the context of this study.

We now focus on the comparison between the two schemes at the di↵erent perturbative

orders. In the first place, we can observe that in the whole invariant mass region and for both

scale choices the di↵erences between the two schemes are reduced from LO to NLO, and from

NLO to NNLOSV as well. The gap between the OS and MS predictions is larger for µ = m
⇤
H
,

which is expected since a higher scale generates a smaller value of mt(µ), and therefore a larger

di↵erence w.r.t. Mt. In the region m
⇤
H

< 400 GeV, the MS scheme predicts a larger cross

section. The maximum deviation is about 50% at LO for µ = m
⇤
H
, going down to 35% and 27%

5
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central values. In fig. 4 the distributions display 25GeV-
wide bins and have LO accuracy; in fig. 5 they display
50GeV-wide bins and have NLO accuracy. Except for
the very first bins, the ratio of the Higgs pT distribution,
with top- and bottom-quarks, over the distribution with
top-quark only is flat and equals 1 (upper panels of figs. 4
and 5). This emphasises that within the scale uncertainty
the contribution of the bottom quark, and thus of the
top-bottom interference, to the Higgs pT distribution is
negligible, except at the low end of the pT range.

Since the central values of the ratios of the upper pan-
els of figs. 4 and 5 equal 1 over almost the whole pT

range, the ratios of the middle and lower panels are ba-
sically equal. Focusing on e.g. the lower panels of figs. 4
and 5, we note that the Higgs pT distribution with the
top-quark only in MS falls o↵ faster than the same dis-
tribution in OS, as pT increases, the more so at LO than
at NLO accuracy. This can be understood by the fact
that the top-quark mass has an OS fixed value, while the
running top-quark mass decreases as the pT values, and
thus the renormalisation and factorisation scales, eq. (1),
increase. This is at the origin of the di↵erence between
the upper/middle and the lower panels of fig. 3 at high
pT values.

CONCLUSIONS

Building on two-loop amplitudes for Higgs + three par-
tons [44], which are valid for arbitrary quark masses cir-
culating in the heavy-quark loops, we have computed for
the first time the NLO QCD corrections to the Higgs pT
distribution in Higgs + jet production via gluon fusion,
with top and bottom quarks circulating in the heavy-
quark loops. The exact mass dependence on the top and
bottom quarks has been included using, for the first time
in this context, a running mass renormalisation scheme,
the MS scheme. We have also provided predictions for
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the Higgs pT distribution with only the top quark, in MS
and OS schemes.

We find that within the scale uncertainty the LO con-
tribution of the bottom quark, and thus of the top-
bottom interference, to the Higgs boson production is
almost erased at inclusive level by the NLO corrections.
On the other hand, at the low end of the pT distribution,
the interference induces a non trivial change of shape.
However, for precision studies on the high energy tail
and with the current attainable accuracy, the use of the
Higgs pT distribution with only the top quark circulating
in the heavy-quark loops is fully justified. Finally, we find
that the Higgs pT distribution with the top-quark only
in MS falls o↵ faster than the same distribution in the
OS scheme as pT increases. This would have an obvi-
ous impact on any numerical study, requiring then that
the choice of mass renormalisation scheme be done with
great care.
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Renormalization Scheme Uncertainties
Scheme uncertainties of similar size also for other processes:

HJ production (using DiffExp approach)

LO NLO

ZH production (using SecDec & HE expansion)
Chen, Davies, Heinrich, Jones, MK, Mishima, 
Schlenk, Steinhauser 22
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Renormalization Scheme Uncertainties

Leading HE contributions in gg → HH and gg → ZH production

the HH case where the two schemes had a similar shape but a di↵erent normalisation.

For the pT,Z distribution the pattern of K-factors for the di↵erent schemes is broadly

the same as for the invariant mass distribution, but in all cases the K-factors rise with

pT,Z reaching up to K = 5 for dynamic µt choices at pT,Z = 1 TeV.

Comparing the results obtained here for gg ! ZH to other loop-induced processes,

such as o↵-shell Higgs production, Higgs pair production and Higgs plus jet production,

we note that the ZH process has a larger mass scheme dependence at LO. For o↵-shell

Higgs production and Higgs pair production going from LO to NLO approximately

halves the uncertainty due to the mass scheme choice; in the ZH case we also observe

a reduction in the uncertainty, but by less than a factor of 2.

In the HH case, in the high-energy limit, the triangle contribution is suppressed

by a factor of 1/s w.r.t. the box form factors. Here, the leading high-energy behaviour

of the box form factors has the form [63, 70]
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comes from the Yukawa couplings. Converting to the MS scheme using Eq. (3.2)

results in a logarithm of the form log[µ2
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/s]. In Ref. [63] it was argued that choosing
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⇠ s minimizes these logarithms and is thus the preferred central scale choice of the

Yukawa couplings. However, in the present ZH case, the structure is di↵erent. Firstly,

the triangle contribution is not suppressed w.r.t. the box form factors, and secondly

logarithms involving mt appear in the box form factors already at leading order. Unlike

in the HH case, where the overall power of m
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in Eq. (3.3) comes entirely from the

top Yukawa couplings, in gg ! ZH one of the overall mt factors must come from the

top-quark propagators, hence the leading term in the small-mass expansion is already

power-suppressed by one power of mt. Similar, power-suppressed, mass logarithms

have been studied in the context of single Higgs production, see for example Ref. [71]

and references therein. The leading helicity amplitudes for ZH in the high-energy limit

have the form
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LO: one 𝑚! from 𝑦!
NLO: leading log(𝑚!

&) not coming
from mass c.t.

LO: 𝑚!
& from 𝑦!&

NLO: leading log(𝑚!
&) from mass c.t.

converting to 𝑀𝑆 gives log(𝜇!&/𝑠)
motivating scale choice of 𝜇!& = 𝑠
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Mass Scheme Uncertainty

Comparing to , we see a different high-energy behaviourgg → HH
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Would be interesting to further understand these structures, similar power-
suppressed mass logarithms were studied in single H

Davies, Mishima, Steinhauser, Wellmann 18; 
Baglio, Campanario, Glaus, Mühlleitner, Ronca, Spira, 
Streicher 20
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Liu, Modi, Penin 22
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Open questions: • Can the origin of these logarithms be understood and predicted for higher orders?
• Does this result in a preferred mass-renormalization scheme?
• Can these uncertainties be reduced w/o calculating the next order?

→ The leading contributions seem to have different origins for the 2 processes

For H production, these logarithms were also studied in [Liu, Modi, Penin 22] 
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• Fully analytical methods remain challenging for multi-scale processes

• Powerful alternatives to analytic calculations:

- Series Expansions in Kinematics
- Sector Decomposition
- Solve DEQs via series expansions

• Mass renormalization important source of uncertainty
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• Powerful alternatives to analytic calculations:

- Series Expansions in Kinematics
- Sector Decomposition
- Solve DEQs via series expansions

• Mass renormalization important source of uncertainty

Thank you for your attention!


