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Energy in General Relativity

The four-momentum cannot be a four-vector because it can
always be made to vanish locally in a free falling frame.

Equivalence

Free falling principle Zero gravitational
e
observer energy
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The energy momentum tensor is covariantly conserved

vV, T" =0 0," = —T* T" —T" T

Conservation in the
usual sense The purely gravitational

contribution is not a
tensor




Energy in General Relativity

The four-momentum cannot be a four-vector because it can
always be made to vanish locally in a free falling frame.

Equivalence

Free falling principle Zero gravitational
—0
observer energy

Ground state of a Quantum
theory of Gravity?

'

We need a definition of energy
for the gravitational field




Quasi-local gravitational energy

We want to compute a quantity which can be ‘locally’ sensitive
to the strength of the gravitational field.



Quasi-local gravitational energy

We want to compute a quantity which can be ‘locally’ sensitive
to the strength of the gravitational field.

We associate to a given hypersurtace of a spacetime, the
integral of the trace of the extrinsic curvature.

The quasi-local energy (QLE) is defined as

Dependent on the tangent
and normal vectors of the
hypersurface

»

[Brown and York 1993]



Quasi-local gravitational energy

We want to compute a quantity which can be ‘locally’ sensitive
to the strength of the gravitational field.

We associate to a given hypersurtace of a spacetime, the
integral of the trace of the extrinsic curvature.

We can construct the surface as

Geodesicball 17 We take a point and send geodesics of
fixed length normal to the time direction.

] 0
6’@ This defines a spacelike hypersurface X
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Y/ Deformed by the

gravitational field ..
The extrinsic curvature of the

hypersurface is sensitive to the
strength of the gravitational field




QLE and compactification
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The QLE definition of Brown and York is able to discriminate
between the uncompactified Minkowski spacetime and the
spacetimes with compact dimensions.
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QLE and compactification
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The QLE definition of Brown and York is able to discriminate
between the uncompactified Minkowski spacetime and the
spacetimes with compact dimensions.
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Strategy

Compute the QLE for 3-spheresin M

Compute the QLE for ‘3-spheres’in M, X 5;/
One compact dimension

—nl<y<nrml



QLE and compactification

| Radius of the compact dimension
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QLE and compactification

| Radius of the compact dimension
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Summary and Outlook

The quasi-local energy could provide an energetical argument
in favour of compactified or uncompactified spacetimes.

This is a proof of concept, but more general setups need to be
studied, such as the introduction of fluxes in order to stabilise
the compact dimension.

Work is ongoing regarding the use of the quasi-local energy as
a tool to compute the total energy of full spacetimes in a
more covariant way.



BACKUP
QLE and compactification

Codim-2 spheres M- Codim-2 spheres M, X §,

For both, the embedding e
vy =1, Z () =L°.
=2

The two normal vectors and the three tangent vectors read

l
1y (0 y 0) A=12 l‘el:L(O,C91S92S93,C91S92€93,691692,—561)

ot L oy
ty, =L (O,s 0,c0,s05,50,c0,c;, — 50, s@z,O)
to, =L (0,50,50,c0;, — 50, 56,56,0,0)

(Spherical coordinates)



QLE and compactification

Codim-2 spheres M- Codim-2 spheres M, X S,

Hence, the extrinsic curvature tensor yields (O 7 6aﬁt“tﬂ >



QLE and compactification

Codim-2 spheres M- Codim-2 spheres M, X §,

Hence, the extrinsic curvature tensor yields Kf}b = (0, T 5aﬁtg t;f )

The trace of the extrinsic curvature is given by ~ K* = K*n§ = h®* K,n

And the integration measure \/Z n, dS

Induced metric
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QLE and compactification

Codim-2 spheres M- Codim-2 spheres M, X §,
Hence, the extrinsic curvature tensor yields (O 7 ) ﬁt“tﬂ )

The trace of the extrinsic curvature is given by ~ K* = K*n§ = h®* K,n

And the integration measure \/Z n, dS

Induced metric

So we are interested in the integral

Difference between
the two spacetimes




Quasi-local gravitational energy

We can define the surface as

Geodesicball 417
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2 /" Deformed by the

ravitational field ..
i The extrinsic curvature of the

hypersurface is sensitive to the
strength of the gravitational field

The extrinsic curvature tensor is given by

A A
Kab —1 td@

a
!, Tangent vectors a=1,...m

= (n—m) Codimension of the

ng‘ Normal vectors A=1,..p PRI



QLE and compactification

Codim-2 spheres M- Codim-2 spheres M, X §,

For both, the embedding s
vy =1, Z () =L°.
i=2

The two normal vectors and the three tangent vectors are the same

Hence, the extrinsic curvature tensor yields (O =7 Oup Ogply P )



QLE and compactification

Codim-2 spheres M- Codim-2 spheres M, X §,

For both, the embedding s
vy =1, Z () =L°.
i=2

The two normal vectors and the three tangent vectors are the same

Hence, the extrinsic curvature tensor yields (O 7 Ogply P )
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So we are interested in the integral

Difference between
the two spacetimes




QLE and compactification

Codim-2 spheres M- Codim-2 spheres M, X §,

No restrictions in the range of
the variables appearing in the
integral

Dy = J \Vh K°n dS = 672L>
)3



QLE and compactification

Codim-2 spheres M- Codim-2 spheres M, X §,
No restrictions in the range of For small 3-spheres that completly
the variables appearing in the lie within the compact dimension,
integral I I
<y < —
2 =772
Oy, = J Vh K°n,dS = 6x*L* When L < 271, the range is restricted
>
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QLE and compactification

Surfaces of constant time and radius
=5
yi =1, Z ) =L°.
=2

The two normal vectors and the three tangent vectors are the same
for the two spacetimes

Same value for the extrinsic

curvature K

But for the QLE the integration range is different

Difference between
the two spacetimes



QLE and compactification

Codim-2 spheres M- Codim-2 spheres M, X §,

No restrictions in the range of For small 3-spheres that completly
the variables appearing in the lie within the compact dimension,
integral I I
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