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Introduction

• What is quantum entanglement?

Quantum entanglement is a fundamental phenomenon in quantum mechanics
where two or more particles or subsystems become interconnected.

• Why?
Quantum entanglement is crucial not only for understanding the foundational
principles of quantum mechanics but also for driving technological advances that
have far-reaching implications.

• Applications: Quantum Computing, Quantum Informations, quantum cryptography,
High energy Physics, Cosmology
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Introduction

• A fundamental principle in quantum entanglement is monogamy entanglement

• The Coffman, Kundu, and Wootters (CKW) inequality, which is quantitatively displayed
as

T(ρAB) + T(ρAC) ≤ T(ρA(BC)) (1)
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Motivation

• Creating (flavor) mode entanglement between mass eigenstates in a flavor state
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Motivation

• Neutrino states exhibit mode entanglement between the mass eigenstates that
compose a flavor state:

• in two-flavour modes (Blasone (2010), Jha (2021))
• three-flavor modes (Alok(2016), Blasone(2009), Jha (2021), Bittencourt (2022))

• Investigation quantum entanglement in theree-flavor NOs under wave packet
treatment is less explored, especially in high energy level
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Objective

• investigating the entanglement distribution (via Tangle) by considering variables:
• different initial neutrino states ( e-channel, µ-channel)
• different CP violation phases
• different flavor (mode) entanglement e(µτ), µ(eτ), τ(eµ)
• different energy levels

How these variables affect on the Neutrino Oscillations
• study genuine multipartite entanglement by assessing the CKW criteria
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Review: Neutrino Oscillations
under Wavepacket Treatment



Neutrino Oscillations under Wavepacket Treatment

• The flavor state |να(x, t)⟩ is depicted as a linear superposition of the mass
eigenstates |νs⟩ propagating along the x-direction:

|να(x, t)⟩ =
∑
s
V∗αs(θ)ψs(x, t) |νs⟩ (2)

•
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• The flavor state |να(x, t)⟩ is depicted as a linear superposition of the mass
eigenstates |νs⟩ propagating along the x-direction:

|να(x, t)⟩ =
∑
s
V∗αs(θ)ψs(x, t) |νs⟩ (3)

• Each mass eigenstate |νs⟩ is described by a wave packet of the form:

ψs(x, t) =
1√
2π

∫
dpψs(p)eipx−iEs(p)t (4)

where:
• the momentum distribution of the wave packet for the sth mass eigenstate :
ψs(p) = (2πσ2P)1/4 exp− (p−ps)2

4σ2P
• Es(p) =

√
p2 +m2

s is the relativistic energy for mass eigenstate
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Neutrino Oscillations under Wavepacket Treatment

After implementing a Gaussian integration over p, the flavor neutrino state in coordinate
space becomes:

|να(x, t)⟩ = (2πσ2x)−1/4
∑
s
V∗αs exp

[
ipsx− iEst−

(x− vst)2
4σ2x

]
|νs⟩ (5)

The density matrix of the pure state is given by:

ρ(α)(x, t) = |να(x, t)⟩ ⟨να(x, t)| (6)

To calculate the neutrino oscillation, we need to consider the following approximation

Es ∼= E, ps ∼= E− m2
s

2E , vs ∼= 1− m2
s

2E2s
(7)
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Neutrino Oscillations under Wavepacket Treatment

Finally, the density matrix is delivered by :

ρ(α)(x) =
∑
sr
VαsV∗αrφsr(x) |νs⟩ ⟨νr| (8)

φsr ≡ exp−

[
i∆m

2
srx

2E +

(
∆m2

srx
4
√
2E2σx

)2]
(9)

Now, we go for arrangement of multipartite entanglement
The occupation number of flavors neutrino in the following form:

|νe⟩ = |1⟩e ⊗ |0⟩µ ⊗ |0⟩τ ≡ |100⟩e (10)
|νµ⟩ = |0⟩e ⊗ |1⟩µ ⊗ |0⟩τ ≡ |010⟩µ (11)
|ντ ⟩ = |0⟩e ⊗ |0⟩µ ⊗ |1⟩τ ≡ |001⟩τ . (12)
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Neutrino Oscillations under Wavepacket Treatment

Adopting |νs⟩ =
∑

α Vαr |νg⟩ with g = e, µ, τ , the density matrix is displayed as

ρ(α)(x) =
∑
gj

Fαgj(x) |νg⟩
〈
νj
∣∣ (13)

and

Fαgj(x) =
∑
sr
V∗αsVαrφsrVgsV∗jr (14)
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Neutrino Oscillations under Wavepacket Treatment

In a matrix form

ρ
(α)
eµτ (x) =



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 Fαee(x) 0 Fαeµ(x) Fαeτ (x) 0
0 0 0 0 0 0 0 0
0 0 0 Fαµe(x) 0 Fαµµ(x) Fαµτ (x) 0
0 0 0 Fατe(x) 0 Fατµ(x) Fαττ (x) 0
0 0 0 0 0 0 0 0


(15)
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Entanglement Measure in Neutrino Oscillations

• Tangle: a mathematical measure used in quantum information theory to quantify the
amount of entanglement between quantum systems, particularly in the context of
multi-qubit systems.

• Te(µτ)(x) = 2[1− Tr(ρ(α)eµτ (x))2] = |Fαee(x)|
[
|Fαµµ(x)|+ |Fαττ (x)|

]
• Teµ = Tr

(
ρ
(α)
eµ (x)ρ̃(α)eµ (x)

)
= 4|Fαee(x)||Fαµµ(x)|

• Teτ = Tr
(
ραeτ (x)ρ̃

(α)
eτ (x)

)
= 4|Fαee(x)||Fαττ (x)|
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Entanglement Measure in Neutrino Oscillations

Tangle distribution for e-channel
Te (μτ) (δ=0)
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Tτ (eμ) (δ=0)

Te (μτ) (δ=π /2)

Tμ (eτ) (δ=π /2)

Tτ (eμ) (δ=π /2)

1010 1012 1014 1016
L0.0

0.2

0.4

0.6

0.8

1.0
Tangle

E = 10GeV

Te (μτ) (δ=0)

Tμ (eτ) (δ=0)

Tτ (eμ) (δ=0)

Te (μτ) (δ=π /2)

Tμ (eτ) (δ=π /2)

Tτ (eμ) (δ=π /2)

1012 1015 1018 1021 1024
L0.0

0.2

0.4

0.6

0.8

1.0
Tangle

E = 10 TeV
• At short distances, minimal entanglement between the flavor occurred and the initial
system was almost pure state.

• The oscillatory behavior portrays the quantum interference effects.
• The plateauing of the tangle at a very large L indicates that even after extensive
propagation and decoherence, some entanglement remains in the system.

• this entanglement level depends strongly on the CP phase
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Entanglement Measure in Neutrino Oscillations

Tangle distribution for µ-channel

E = 10GeV E = 10 TeV
• At short distances, No entanglement occurred. The initial system was almost pure
state.

• the oscillatory and the decoherence parts have the same behavior as in the
e-channel

• in both channels, combinations e(µτ) produce the same entanglement distributions
when the different cp-phases applied
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The CKW Inequality Check

e-channel : Teµ > Teτ µ− channel : Teµ < Teτ

• The CKW equality relation of the tangles holds true
• Entanglement is not overly concentrated in just one pair of neutrino states but is
more evenly distributed.

• the residual entanglement vanishes, i.e., Te = Te(µτ) − Teµ − Teτ = 0 then the genuine
tripartite entanglement is not well-defined but entanglement is still there
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Summary

• Different flavor mode combinations and the CP-phases produce different the
entanglement distributions

• The difference between the entanglement levels reflects how the CP-violating phase
affects the long-distance behavior of entanglement

• All entanglement distributions show monogamy properties which implying that
entanglement is shared among the neutrino flavors to preserve the structure of
multipartite quantum states.

• Genuine multipartite entanglement is not well-defined in term of tangle reflecting
that the entanglement is ”purely bipartite”, with correlations existing between pairs
of qubits or subsystems.
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Thank You
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