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SPring-8 standard filling modes (2024)

Used be  ~ 1000 bunches x 0.01 mA/bunch and 1 x  5 mA/bunch x 1
X 50

Trains

High Current 
Singlet(s)



Multi-bunch Instabilities
*Resistive-wall of low gap in-vacuum IDs
*Cavity Higher Order Modes

Single-bunch Instabilities 
Mode-coupling instability 
with low chromaticity for wide aperture
*Beam-pipe surface structure
*Resistive-wall & tapers of In-Vacuum IDs

Transverse Bunch-by-bunch Feedback System

Hybrid Filling with Large Contrast Bunch Current  

Singlet(s)       Train (s)

x 50  (max)
In Bunch Current

Singlets : High Bunch Current ) Trains : Low Bunch Current, 

( High stored current )



WHY and HOW

1) Single Analog Front-end

2) Single Analog Front-end + Digital Gain Control

3) One Analog Front-end + Signal Level Control 
by Fast Variable Attenuator

4) “Multiple (Analog Front-end + ADC)” Switching with Bunch Current

X : Lost of ADC Resolution for Low Current Bunch (<- analog signal is so small )

Conventional System

X : Loss of SN ratio for High current bunch (High Gain is required => High SNR ) 
X : Complex System (two processor and attenuators)

X : Saturation at High Current Bunch / Too Low Gain for Low Current Bunch 



1)   Single Front-end
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2) Single Front-end + Digital Gain Control
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Unbalance of BPM structure, 
Cabling,  Reflection

Beam Oscillation Signal (position)
~ um scale (required)

BPM  Signal (A-B)

Offset signal

ADC Sampling
Timing

High Bunch Current

Bunch current
x

Position
~ 200 um ADC Step

ADC step

Low Bunch Current

~ 200 um

However, ADC resolution is lost

ADC resolution
limits Position 

ResolutionBunch current
x

Position



Analog Gain Switching

Fixed Analog Gain + Digital Gain Switching



WHY and HOW

1) Single Analog Front-end

2) Single Analog Front-end + Digital Gain Control

3) One Analog Front-end + Signal Level Control 
by Fast Variable Attenuator

4) “Multiple (Analog Front-end + ADC)” Switching with Bunch Current

X : Lost of ADC Resolution for Low Current Bunch (<- analog signal is so small )

Conventional System

X : Loss of SN ratio for High current bunch (High Gain is required => High SNR ) 
X : Complex System (two processor and attenuators)

X : Saturation at High Current Bunch / Too Low Gain for Low Current Bunch 



Attenuator Controller 

Position signal Kick 
Signal

3) Analog Signal Level Control by Fast Variable Attenuator

Feedback Processor

FPGA

Variable 
Attenuator

(1/Bunch Current )

K. Kobayashi, T. Nakamura,  THB006, ICALEPCS’09.     (very primitive scheme :T. Nakamura, K. Kobayashi, et al., THPC127, EPAC08 )

ADC
ADC

FPGA

AttenuationBunch
Current

Bunch Current x Position

BPM KickerTrain
Kick  Signal

Singlet

A+B A-B
A B

FIR
Filter

Normalized by Bunch Current

Bunch Current

DAC



BPM

Bunch Current x Position

KickerTrain
Kick  Signal

4) Analog Gain Switching with Multiple “Analog Front-end + ADC”
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Front-End with RF Direct Sampling for Transverse Feedback
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T. Nakamura, K. Kobayashi, Z. Zhou, https://accelconf.web.cern.ch/e08/papers/thpc128.pdf 
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LPF

Feedback
Processor

1.5GHz± 250MHz

Down conversion

Sampling

xn

LPF

Position  ∝ Peak voltage of bipolar pulse Wide analog bandwidth ADC
directly samples peak voltage

ADC Sampling

Low frequency 
-> wide acceptance of bunch timing shift

cavity voltage change, beam loading

RF Direct 
Sampling

Down Conversion



Bunch Timing Spread at Hybrid Filling (Localized Filling)

We choose Lowest Carrier frequency for BPM   
n x fRF = fRF (n=1)  ~ 500MHz

for wider acceptance for timing

Localized Filling  (1/3 fill, 1/14 fill, … )
at Large Ring ( 5us revolution )

Normal RF Acceleration Cavities      Filling time ~ a few us

Beam Loading by Localized Filling Modulates
Voltage   and   Phase    of Cavity Voltage

Timing Spread of Bunches
~ 100ps (SPring-8 case)

Beam time structure ~ a few us 
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mode-coupling (fast head-tail) for V ( and H : weak )
Chromaticity = 1 ( < 3 ) for wide dynamic aperture

In-vacuum IDs Open
3.5 mA/bunch => 14   mA/bunch 

Feedback OFF ON
~ simulation result

In-vacuum IDs Close  (Partly ~ user operation)
2.5 mA/bunch => 6   mA/bunch 

Feedback OFF ON

Suppression of Single-bunch instability by Feedback

5 mA/bunch for User operation 
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Hardware and Brock Diagram



Hardware Block Diagram

Kazuo KOBAYASHI / SPring-8
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Hirose U.FL connectors
from/to board

FPGA board
(red board)

ADC inputs (11)

DAC outputs (16) 

micro SD slot for configuration

SD card slot 
for parameter file

(not implemented) ADC overflow 
indicators DAC on/off indicators

Clock (RF ref.)

ADC board
(FMC on FPGA board)

DAC board
(FMC on FPGA board)

New SPring-8 Signal Processor (upside down)

Gb Ethernet



Analog input Ethernet control Digital input & Ethernet Cont.Digital input
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Analog input Ethernet control Digital input & Ethernet Cont.Digital input
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Analog input Ethernet control Digital input & Ethernet Cont.Digital input
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Analog input Ethernet control Digital input & Ethernet Cont.Digital input
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Analog input Ethernet control Digital input & Ethernet Cont.Digital input
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Analog input Ethernet control Digital input & Ethernet Cont.Digital input
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Analog input Ethernet control Digital input & Ethernet Cont.Digital input
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Analog input Ethernet control Digital input & Ethernet Cont.Digital input
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Tune Measurement with One Bunch Excitation

Based on the tune measurement system for the previous version of the processor
developed by R. Sreedharan and R. Nagaoka (SOLEIL) 

Just one bunch is excited, others are feedbacked   =>  small effect to users

Applied to SPring-8 by 
Kazuo KOBAYASHI 

JASRI/SPring-8

Just 1 bunch 
Feedback OFF
Excitation ON

Excitation

Excitation
Internal signal 

source (X)

Internal signal 
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Tune Measurement with One Bunch Excitation

By Kazuo KOBAYASHI / SPring-8
Turn Turn Strength

Turn Turn

clk:66MHz
freq.:55K ~ 85KHz

Frequency Sweeping

5.8msec
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Excitation Signal by Internal Signal Source (NCO)

ADC data (Position) in memory Spectrum vs. turn

FFT
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Kick just one bunch in a train ( low current  0.05mA/bunch (0.24nC) )
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Spectrum vs. turn

Strength
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By Kazuo KOBAYASHI / SPring-8

bucket
address current(mA)
762 0.05103 
763 0.05486
764 0.05298
765  0.05696
766 0.05655

763

764

765
target
bucket

766

measurement example with multi-bunch 

target 
bunch

q Tune observation system with New Signal Processor

neighbor bucket

neighbor bucket



Stability limit of Feedback 
and 

Multiple-BPM scheme
to remove it

Simplify saying, it’s Digitalized Analog feedback scheme with Two BPMs

Its Extreme Case for Damping time ~ several turns



Feedback with Multiple BPMs for Stability at High Gain 
Kick <=  Turn-by-turn Position with a single BPM 

Turn-by-turn position KickLoop
Loop ->
Unstable At High Gain

Kick <=  Multiple Positions (BPMs) in a SINGLE TURN

"
%"&

'

𝑎%𝒙𝒎 𝒏 = 𝑦(𝑛)

𝒙𝟏 𝒙𝟐 𝒙𝟑 𝒙𝟒 𝑦 𝑛 − 𝑦 = 𝑧(𝑛)
Average of y = offset 

𝑦 =/
!

𝑏!𝑦(𝑛 − 𝑘)//
!

𝑏!

Just like 
Analog 
feedback

One turn

1 or 2 BPMs : enough if those have good phase relations each other and kicker

SPring-8
New 
Processor

T. Nakamura, Proc. of14th Ann. Meet. Part. Accel. Soc. Japan, paper TUP090, Aug. 1-3, 2017
Proc. of IPAC18, . tuzgbd2

Bunch motion
in a ring

Kicker

NO LOOP -> Stable

BPMs
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Feedback with Multiple BPMs for Stability at High Gain 

x1
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x4

x1
x2

x4

FPGA program Type2

𝒙𝟏 𝒙𝟐 𝒙𝟑 𝒙𝟒 𝑦 𝑛 − 𝑦 = 𝑧(𝑛)
Subtract Offset (static)

𝑦 =#
#

𝑏#𝑦(𝑛 − 𝑘)/#
#

𝑏#

SPring-8
New 
Processor

SW
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Instability of Feedback at High Gain

1/Threshold Gain  = 3.8 turns

Kick

Beam position

At High Gain, feedback system drives beam oscillation

nT <=  Gain corresponding to
Damping time n turns Higher Gain 

Beam is unstable at High gain
with 

Different tune from original
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Tune Shift by Feedback at High Gain
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Instability of Feedback Driven by Closed Loop : Position - Kick

Turn-by-turn position data Kick

Kick

One turn One turn

Position

Closed Loop

Position data at multiple Locations
at one previous turn Kick



Digital Feedback  with Position Data at Multiple Locations (BPMs)
FIR-M for Kick from beam positions at multiple locations

4 BPM -> DC offset subtraction is possible for Ideal case (static)
FIR-T for Subtraction of    DC offset 

Produced by drift of Closed orbit, Amplifier gain, ADC gain and timing

(Max. number of BPMs : 8)

Kicker

New SPring-8 Feedback Processor

BPM 4

ADC

BPM 3

ADC

BPM 2

ADC

BPM 1

ADC

𝒚 𝒏 = -
$%&
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!"#
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𝑝! 𝒚 𝒏 − 𝒌

DAC

𝒙𝟏 𝒙𝟐 𝒙𝟑 𝒙𝟒
Kick

= 𝒚(𝒏) − 𝒚

FIR filter with 
Turn-by-turn data 

FIR-T FIR-M



FIR filter response 
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Digital Feedback  with Position Data at Multiple Locations (BPMs)
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Beam is unstable for > G=1T
even with ideal feedback  :  kick = - 2 G x  angle

kick > -2 x angle
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kick = -2 x anglekick < -2 x angle
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unstablecriticalstable

Simulation Results : Feedback with Position Data at Multiple Locations

Increase of Gain 

Damping time up to ~ 1.1 turns
No growth 

𝟏/𝑮 ≤ 𝟏𝑻

Simulation & Theory



Fast Correction Kicker for Reduction of 
Transient Beam Oscillation Excitation
by Injection Bump Orbit Formation



Fast Correction Kicker for Reduction of Unwanted Main Kicker Effect

Vertical : X-Y coupling at Injection Kickers

( Rotation of Kicker Magnets are optimized with Remotely Controlled Magnet Base ) 

Horizontal : Mismatching at Fast Rising/Falling Edge

Vertical Oscillation excited by Horizontal Kick

X-Y coupling at Injection Kickers

Horizontal KiCK

V

H H

V



High Damping Rate is required in Vertical  and Horizontal

HOWEVER

SPring-8 (and some of light sources)

VERY STRONG Single-bunch Instabilities (Mode-coupling)

Low Chromaticity for Large Dynamic Aperture 
for high Injection Efficiency, long lifetime

Many low gap IN-VACUUM Insertion Devices 

Large Value of  sum of [ Resistive-wall Impedance + Taper Impedance ]/ gap3

Damping Rate  is proportional to 
Kick / Position Amplitude
x Revolution Frequency (0.2MHz) / Energy (8GeV)

limited kicker performance (two 30cm kickers + 500Wpeak amp)

Small Position Amplitude is required 

Large Horizontal and Vertical Motions are EXCITED at INJECTION



FAST CORRECTION KICKERS #
for Reduction of Horizontal/Vertical Oscillation of STORED BEAM at Injection

* Vertical : X-Y coupling at Injection Kickers

* Horizontal : Pulse Shape Difference of Bump Magnet: mostly at Rising/Falling Edges

Rotation of Bump Magnets are optimized with Remotely Controlled 
Magnet Base*; Coupling Changes run to run

*K. Fukami, et al., http://accelconf.web.cern.ch/e08/papers/wepc076.pdf

Horizontal Kick

# C. Mitsuda, K. Fukami, K. Kobayashi, et al., https://accelconf.web.cern.ch/IPAC2014/papers/mopro082.pdf
# C. Mitsuda, https://indico.cern.ch/event/635514/contributions/2660454/attachments/1513848/2370449/twiss_2017_v6_pub.pdf

Fast Correction
Kicker #

Vertical motion

Bump orbit is not closed => Large Horizontal Oscillation

X-Y coupling 
~ 8 us

Pulse Shapes of Bump Magnets

Several Parts of Stored Beam

1 turn

0.5 mm
0.25 mm

0. 15 mm

https://accelconf.web.cern.ch/IPAC2014/papers/mopro082.pdf
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Three Fast Correction Kickers (FCK) for different 
kick timings 

400-700ns

800-1600ns

150-300ns
20 - 35 u rad

Installed with Power supply

One turn coil

Ceramics Duct

FAST CORRECTION KICKERS 
for correction of Horizontal/Vertical Oscillation of STORED BEAM at Injection

1 turn

0.05 mm
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de

Horizontal
Blue : two FCKs ON
Red  : OFF

0.5 mm

Vertical FCK also installed but
enough with FCKs (horizontal)

Vertical (also reduced with FCK)



Instability Strength Monitoring for In-Vacuum Insertion Devices (ID)



Instability Strength Monitoring for In-Vacuum Insertion Devices (ID)

1 year

"
@"&

ABB CDEFGHII% CJK (𝐼𝐷 𝐿𝑒𝑛𝑔𝑡ℎ)@ 𝛽L @
(𝐺𝑎𝑝)@M

At User Operation
( a piece of cake! )

Routine Stability Test
( OK : up to 6mA/Bunch
user operation 5mA/bunch)

HISTORY of the value

BUT Users requests > 10mA/bunch …
NOT YET

Resistive-wall,
taper, step, ..

All In-vacuum IDs with
their minimum gap
( No HOPE for suppression )

+ 𝐹𝑖𝑥𝑒𝑑 𝑉𝑎𝑙𝑢𝑒 𝐼𝑚𝑝𝑒𝑑𝑎𝑛𝑐𝑒𝑠 × 𝛽

14 mA/bunch



Trip of Power Amplifier with “Reverse Power” by High Current Bunch



Trip of Power Amplifier with “Reverse Power” by High Current Bunch

Beam

Signal Produced by Beam
mismatching at   kicker end structure

Beam signal

Beam
signal

Beam
signal

Beam signal



Trip of Power Amplifier with “Reverse Power”

Beam

“Reverse 
Power”

“Reverse Power”!!



Trip of Power Amplifier with “Reverse Power”

Beam

Reverse Signal 
Produced by Beam
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Single-Loop Two-Dimensional Transverse Feedback



T. Nakamura, et al, EPAC06, “Single-loop Two-Dimensional Transverse Feedback for Photon Factory”

Single-Loop Two-Dimensional Transverse Feedback with Previous version Processor

BPM

∆ = 𝑉& − 𝑉' = 𝒌 O𝑥 𝜈( + O𝑦 𝜈)

C

AB

D
𝑥

𝑦

180 deg
hybrid

− 𝐺- 4𝑥 − 𝐺. 4𝑦 𝐺- 4𝑥 + 𝐺. 4𝑦

Kicker

− (𝐺- 4𝑥 + 𝐺. 4𝑦)

𝐺- 4𝑥 − 𝐺. 4𝑦

PF, TLS, SOLEIL, PLS-II 
in their early stage

One Position Signal,  One Processor, for Horizontal and Vertical feedback 

4𝑥 𝜈- + 4𝑦 𝜈.

𝐺-𝑒/0( 4𝑥 𝜈- + 𝐺.𝑒/0) 4𝑦 𝜈.

FIR filter
4𝑥 + 4𝑦 → 𝐺- 4𝑥 + 𝐺. 4𝑦FIR 1

4𝑥 + 4𝑦 → 𝐺- 4𝑥 − 𝐺. 4𝑦FIR 2

* Less components, cost and tuning points
* No special devices are needed ( but SPring-8 Processor for all kick electrodes)

J𝑦 𝜈L = L𝑦 𝑒@RST!!
J𝑥 𝜈U = L𝑥 𝑒@RST"!

+−

+−

SPring-8 Processor 

E.-H. Lee, et al., Review of Scientific Instruments 85, 125102 (2014)



E.-H. Lee, et al., Review of Scientific Instruments 85, 125102 (2014)

PLS-II Two-Dimensional Feedback

"𝑥 + "𝑦 → 𝐺: "𝑥 + 𝐺; "𝑦FIR 1

"𝑥 + "𝑦 → 𝐺: "𝑥 − 𝐺; "𝑦FIR 2

x-90

Phase
+90

-90

Gain

Adjust gain for required damping / acceptance
with beta function at BPM and Kicker

𝜈U𝜈L

FIR 2

FIR 1

FIR 2
FIR 1

𝐺-

𝐺.

𝜈U
𝜈L



Increase of beam size by BPM noise
and

High Resolution BPM

T. Nakamura, NANOBEAM 2005, p. 401 in https://lib-extopc.kek.jp/preprints/PDF/2005/0525/0525020.pdf



𝜎: =
𝜏<=<>?𝑇@
𝜏AB

𝜎BCD ~
𝑇@
𝜏AB

𝜎BCD

Increase of beam size by BPM noise

BPM random noise    
𝜎BCD

Transverse
Feedback

Effective beam size 
at BPM by noise kick

𝜎! =
"
"#
𝜎$%& <<     Vertical Beam size ~ 5 𝜇𝑚

𝜏'$ = 0.5ms = 100𝑇#

Resolution

T. Nakamura, NANOBEAM 2005, p. 401 in https://lib-extopc.kek.jp/preprints/PDF/2005/0525/0525020.pdf

𝜎!"# ~ 5 𝜇𝑚
for one passage of bunch

𝜏$%$&'~ 𝜏(!



Beam axis
20 mm

45 mm

V

H

sv = 5µm

for 0.2nC bunch
(= 100mA x 2ns)

High Resolution BPM by Shorted Stripline Structure

1/4 of structure

T. Nakamura,  DIPAC05, https://accelconf.web.cern.ch/d05/PAPERS/POW027.pdf



SPring-8 Longitudinal Kicker



SPring-8 Longitudinal Kicker
SPring-8 Storage ring  ( at 6 GeV operation )

* Large Revolution Period (5us) and High Energy (6GeV) =>   Large kick / revolution 
* Limited space for kickers =>   Short kicker

High Shunt Impedance / Length    Kickers are required 
Higher frequency is chosen :

3 + 1/4  period / bunch spacing (2ns)  @500MHz
* Small Kicker 
* Simple Drive Circuit    

without QPSK modulator

T. Nakamura, proposed and test with prototype,
https://accelconf.web.cern.ch/IPAC2011/papers/mopo007.pdf

M. Masaki, et al,  (actual kicker and feedback test with beam )
https://www.pasj.jp/web_publish/pasj2015/proceedings/PDF/WEP0/WEP088.pdf
https://accelconf.web.cern.ch/ibic2013/papers/tupc18.pdf

no taper transition

1/4 part

Input/output
HOM coupler

HOM coupler

Beam

~90mm

Three kickers inside

https://accelconf.web.cern.ch/IPAC2011/papers/mopo007.pdf
https://www.pasj.jp/web_publish/pasj2015/proceedings/PDF/WEP0/WEP088.pdf


Simple drive circuit without QPSK modulator

Pulse Generator Feedback signal

Shorted SMA-T or Impulse 
forming Network

fRF

Kicker
TRF

TRF

TRF

C
om
bi
ne
r

BPM
Sum

Signal Processor

beam

2TK

TK
Sp
lit
te
r Sp

lit
te
r

3 Waves / Bunch Spacing   ( 2ns )

1.6 GHz  = ( 3 + 1/4 ) x 500MHz  => ( 3 + 1/4 ) period / bunch

2ns

TRF

TRF

2ns 2ns

2ns
2ns

2ns



Longitudinal Kicker (Comparison)

SPring-8 Type  Kicker
1.6 GHz  :  3 + 1/4  period / bunch
3 period drive : 3% loss
No QPSK modulator

BESSYII/SLS/Elettra/TLS kicker shape

~90mm
~ 200 mm

𝑓VW ~ 500MHz region

Shunt Impedance ~ 1.3 – 1.4 k𝛀

DAΦNE type Overdamped Cavity
1.4 GHz  :   

2 + 3/4  period / bunch
needs QPSK modulator
( 2 period drive : 20 % loss )

Standard Kicker widely used 



3 + 1/4  period / bunch spacing @500MHz is preferable
=>

-60

-40

-20

0

20

40

60

0 1 2 3 4 5 6 7

Coaxial Cavity Kicker

3 TK
3.25 TK
10 TK

Kic
k V

olta
ge/
√ P
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er [

V/√
 W

]

Time [ns]

-40.8V

42.1 V

-1

0

1

0 1 2 3 4 5 6 7

Coaxial Resonator Kicker

Inp
ut V

olta
ge [

a.u.
]

Time [ns]

Bunch Spacing

3 period

3 +1/4 period

3 +1/4 period

3 waves
(reduction -3%)

PG
2𝑇*

𝑇*Sp
lit

te
r

C
om

bi
ne

rShorted-T

3 period / bunch

SPring-8 Longitudinal Kicker

Kicker 
Drive 
Signal

Kick
Voltage

Simple drive circuit without QPSK modulator



Least Square Fitting (TDLSF method) for Coefficients 
First, ~2002, we developed this method and used in

APS(US), SOLEIL(France), HLS (China), TLS(Taiwan), PLS-II(Korea), 
KEK-PF, and was contacted from IHEP (China)

Finally, I realized that 
this method and 
the frequency domain method 

that I also developed (or might be re-invented), 
and I show in previous discussion 

are equivalent (at least, some cases).

FIR filter Coefficients

We made the code with Python, C/C++, Fortran version and soon Julia
And the conversion code with Python from

FIR Phase and gain to Dimtel’s definition of Phase and Gain



Least Square Fitting (TDLSF method) for Coefficients 

= 𝒑𝟎 + 𝒑𝟏 cos 𝑛𝜙 + 𝒑𝟐 sin 𝑛𝜙

𝒑𝒎 = "
!"#

$

𝐶%,!𝒙E𝒌

𝑦 0 = 𝑮𝐴 cos(𝜓 + 𝜻 )

We have  𝑎! , k = 0, 1, 2, …   , N

𝑥 𝑛 = 𝐴 cos(𝑛𝜙 + 𝜓) + B

Least 
Square
Fitting

𝑎! = 𝐶&,!𝑮 cos 𝜻 + 𝐶R,!𝑮 sin 𝜻

T. Nakamura, et al. https://accelconf.web.cern.ch/e04/PAPERS/THPLT068.PDF

𝒅𝒆𝒇𝒊𝒏𝒊𝒕𝒊𝒐𝒏 𝒐𝒇 𝒂𝒌

𝒚 0 = "
!"#

$

𝑎!𝒙E𝒌

𝒑𝒎 to “measured” data 𝒙𝒌

Extension to multiple tunes is easy 

= 𝒑&𝑮 cos 𝜻 + 𝒑R𝑮 sin 𝜻 = "
!"#

$

𝐶&,!𝑮 cos 𝜻 + 𝐶R,!𝑮 sin 𝜻 𝒙E𝒌

With this, we can construct kick data at n = 0 turn

𝒑𝟏 = 𝐵
𝒑𝟏 = 𝐴 cos𝜓
𝒑𝟐 = −𝐴 sin𝜓



Frequency Domain Condition for FIR filter

Minimization 𝑷 = 9
JK@

L

𝑎J M

;
𝝏
𝝏𝝓

𝑮 𝝓 𝑒N𝜻 𝝓
𝝓K𝝓𝒋

= 0 → 9
JK@

L

𝑎J𝑘 exp(−𝑖𝑘𝜙Q) = 0

For Flat response at 𝝓~𝜙Q

Setting Phase and Gain

𝑮 𝝓𝒋 𝑒)𝜻 𝝓𝒋 = 1
,-#

.

𝑎, exp(−𝑖𝑘𝜙/)

Constraints on Coefficients of FIR filter



Frequency Domain Condition for FIR filter

with setting Δ ≪ 1

TDLSF is Equivalent to Following Frequency Domain condition 

𝑮 𝝓𝒋 𝑒)𝜻 𝝓𝒋

= 1
,-#

.

𝑎, exp(−𝑖𝑘 𝝓𝒊 ± Δ )

= 𝑮 𝝓𝒊 ± Δ 𝑒)𝜻 𝝓𝒊±2

𝑮 𝚫 𝑒N𝜻 𝚫 = 𝟎

Gain, Phase and “Flat response" :  Equivalent to

Minimization 𝑷 = 9
JK@

L

𝑎J M



Least Square Fitting (TDLSF method) for Coefficients : 1st order 

→ 𝒑𝟎,𝟏 + 𝒑𝟎,𝟐𝒏 + 𝒑𝟏,𝟏 cos𝜙(D) + 𝒑𝟏,𝟐 sin𝜙(D) + 𝒑R,&𝜙(D) cos𝜙(D) + 𝒑𝟐,𝟐𝜙(D) sin𝜙(D)

𝒑𝒊,𝒋 = "
!"#

$

𝐶@,\,!𝒙E𝒌

= 𝒑0,0𝑮cos 𝜻 + 𝒑0,2𝑮 sin 𝜻 = +
345

6

𝐶0,3𝑮cos 𝜻 + 𝐶2,3𝑮 sin 𝜻 𝒙7𝒌

𝑦 0 = 𝑮𝐴 cos( 1 + Δ 𝜙# + 𝜓 + 𝜻 ) = 𝑮𝐴 cos(𝜓 + 𝜻 )

We have  𝑎! , k = 0, 1, 2, …   , N

𝑥 𝑛 = 𝐴 cos( 1 + Δ 𝜙(D) + 𝜓) + (1 + 𝑛Δ#)B

turn-by-turn
Positions 

𝑎! = 𝐶&,!𝑮 cos 𝜻 + 𝐶R,!𝑮 sin 𝜻

for Δ ≪ 1

Least Square Fitting
𝒑𝒊,𝒋 to 𝒙𝒌

𝑝#,& = 𝐵
𝑝#,R = Δ#𝐵

𝑝&,& = 𝐴 cos𝜓
𝑝&,R = −𝐴 sin𝜓
𝑝R,& = −𝐴Δ cos𝜓
𝑝R,R = −𝐴Δ sin 𝜓



Example
5 Constraints : Target tune 0.15 with flat response

𝑮(𝟎) = 𝟎
𝑮 𝟎. 𝟏𝟓 − 𝟎. 𝟎𝟏 = 𝑮 𝟎. 𝟏𝟓 + 𝟎. 𝟎𝟏 = 𝟏
𝜻 𝟎. 𝟏𝟓 − 𝟎. 𝟎𝟏 = 𝜻 𝟎. 𝟏𝟓 + 𝟎. 𝟎𝟏 = −𝟗𝟎 𝐝𝐞𝐠

position data 
5 tap : -1,       -3,      -5,       -7,       -9   turns
9 tap : -1, -2, -3, -4, -5, -6, -7, -8, -9   turns

-180

-90

0

90

180

0 0.1 0.2 0.3 0.4 0.5

Tune 0.15

9tap : 1, 2, 3, .. ,8, 9
5tap : 1, 3, 5, 7, 9

Ph
as

e
Fractional Tune

0

0.5

1

1.5

2

2.5

0 0.1 0.2 0.3 0.4 0.5

Tune 0.15

9tap : 1, 2, 3, .. ,8, 9
5tap : 1, 3, 5, 7, 9

G
ai

n

Fractional Tune

Smaller gain 
with 9 tap

𝑮(𝟎) = 𝟎
𝜻 𝟎. 𝟏𝟓 − 𝟎. 𝟎𝟏 = 𝜻 𝟎. 𝟏𝟓 + 𝟎. 𝟎𝟏 = −𝟗𝟎

5 tap 
9 tap 

Gain 𝑮 Phase 𝜻

𝑮 𝟎. 𝟏𝟓 − 𝟎. 𝟎𝟏 = 𝑮 𝟎. 𝟏𝟓 + 𝟎. 𝟎𝟏 = 𝟏


